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Introduction 



In the last fifty years deformation theory has played an important 
role in algebraic and complex geometry. 

The study of small deformations of the complex structures of com- 
plex manifolds started with the works of K. Kodaira and D.C. Spencer 
[17] and M. Kuranishi [19]. 

Then A. Grothendieck [12], M. Schlessinger [32] and M. Artin [1] 
formalized this theory translating it into a functorial language. The 
idea was that with an infinitesimal deformation of a geometric object 
we can associate a deformation functor of Artin rings: that is, a functor 
from the category Art of local Artinian C-algebras (with residue field 
C) to the category Set of sets, that satisfies some extra conditions (see 
Definition 1.1.10). 

A modern approach to deformation theory is via differential graded 
Lie algebras (DGLA for short). 

The guiding principle is the idea due to P. Deligne, V. Drinfeld, 
D. Quillen and M. Kontsevich (see [18]) that "in characteristic zero 
every deformation problem is controlled by a differential graded Lie 
algebra" . 

Inspired by this principle, the aim of this thesis is to follow the 
modern approach to study the infinitesimal deformations of holomor- 
phic maps of compact complex manifolds. 

More precisely, a DGLA is a differential graded vector space with 
a structure of graded Lie algebra, plus some compatibility conditions 
between the differential and the bracket (of the Lie structure) (see 
Definition 1.3.5). 

Moreover, using the solutions of the Maurer-Cartan equation dx + 
-[x,x] = it is well known how we can associate with a DGLA L a 
deformation functor Def^. Written in detail: 



Def L : Art 



Set, 
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where m A is the maximal ideal of A and the gauge equivalence is in- 
duced by the gauge action * of exp(L° ®m A ) on the set of solutions of 
the Maurer-Cartan equation (see Definition 1.3.30). 

Then the idea of the principle is that we can define a DGLA L (up 
to quasi-isomorphism) from the geometrical data of the problem, such 
that the deformation functor Defj, is isomorphic to the deformation 
functor associated with the geometric problem. 

We note that it is easier to study a deformation functor associated 
with a DGLA but, in general, it is not an easy task to find the right 
DGLA (up to quasi-isomorphism) associated with the problem. 

A first example, in which the associated DGLA is well understood, 
is the case of deformations of complex manifolds. 

Let X be a compact complex manifold. Then X is obtained by 
gluing together a finite number of polydisks in C n . The fundamental 
idea of K. Kodaira and D.C. Spencer is that "a deformation of X is re- 
garded as the gluing of the same polydisks via different identifications" 
(see [16, pag. 182]) . 

Translating it into a functorial language we define, for each A e 
Art, an infinitesimal deformation of X over Spec(A) as a commutative 
diagram 

X >X A 

IT 

Spec(C) -^Spec(A), 

where n is a proper flat holomorphic map and X coincides with the 
restriction of X A over the closed point of Spec(A) (see Definition 1.2.4). 
Moreover, we can give the notions of isomorphism and of trivial defor- 
mation (X A = X x Spec(A)). 

Thus we can define the functor associated with the infinitesimal 
deformations of X: 

Def x : Art -> Set, 

{isomorphism classes of "| 
infinitesimal deformations > . 
of X over Spec (A) J 

Therefore, following the idea of the principle, we are looking for a 
DGLA L such that Def L = Defy. 

Let Ox be the holomorphic tangent bundle of X and consider the 
sheaf A°x(Qx) of the differential forms of (0, *)-type, with coefficients 
in Q x - 

Then we define the Kodaira-Spencer algebra A° X *(Q X ) of X as the 
graded vector space of global sections of the sheaf A° x *(Qx)- 
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Considering the (opposite) Dolbeault differential and the bracket of 
vector fields, it is possible to endow A° X *(Q X ) with a natural structure 
of differential graded Lie algebra (see Definition II. 4.1). 

The DGLA A° x *(Qx) controls the problem of infinitesimal defor- 
mations of X (see Theorem II. 7.3): 

Theorem (A). Let X be a complex compact manifold and A° x *(Qx) 
its Kodaira- Spencer algebra. Then there exists an isomorphism of func- 
tors 

Def 4'(e.) — > Def * • 

In this case the correspondence is clear between the solutions of 
the Maurer-Cartan equation and the infinitesimal deformations of X, 
such that the gauge equivalence corresponds to the isomorphism of 
deformations. In particular, a solution of the Maurer-Cartan equation 
is gauge equivalent to zero if and only if it induces a trivial deformation 
of X. 



The next natural problem is to investigate the embedded deforma- 
tions of a submanifold in a fixed manifold. 

Very recently, M. Manetti in [24] studies this problem using the 
approach via DGLA. 

In his work, more than proving the existence of a DGLA which 
controls this geometric problem, M. Manetti develops some algebraic 
tools related to the DGLA. 

More precisely, he describes a general construction to define a new 
deformation functor associated with a morphism of DGLAs. 

Given a morphism of differential graded Lie algebras 

h : L — > M 

he defines the functor 

Def fe : Art — ► Set, 
Def h (A) = 

{(l,m) e (L 1 (8) 771a) x (M°(g)m A )\ dx + \[x,x\ =0 and e m *h(l) = 0} 

gauge 

where this gauge equivalence is a generalization of the previous one 
(see Remark III. 1.13). This new functor is an extension of the functor 
associated with a single DGLA: by choosing h = M = 0, Def^ reduces 
to Def L . 

Moreover, using path objects (see Example 1.3.14) he shows that for 
every choice of L, M and h there exists a DGLA H such that Def# = 
Def h . 

In particular, this implies that if a deformation functor associated 
with a geometric problem is isomorphic to Def^, for some h : L — >■ M, 
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then automatically we know the existence of a DGLA that controls the 
problem and we have an explicit description of it. 

This is what M. Manetti does in [24]: by suitably choosing L,M 
and h he proves that there exists an isomorphism between the functor 
Defft and the functor associated with the infinitesimal deformations of a 
submanifold in a fixed manifold. Actually, let X be a compact complex 
manifold and Z a submanifold. The infinitesimal emebedded deforma- 
tions of Z can be interpreted as the deformations of the inclusion map 
% : Z X inducing the trivial deformation on X. 

Consider the Kodaira-Spencer DGLA A X *(Q X ) of X and the differ- 
ential graded Lie subalgebra A° X (Q X (— log Z)) defined by the following 
exact sequence 

_^ A°/(e x (-logZ)) — > A°/(e x ) — > A°/(N Z]X ) — > 0, 

where N Z \ X is the normal bundle of Z in X (see Section II.5.1). 

We have already observed that the DGLA A° X *(Q X ) controls the 
infinitesimal deformations of X, whereas the DGLA A° X *(Q X (— log Z)) 
controls the infinitesimal deformations of the pair Z C X (each so- 
lution of the Maurer-Cartan equation in A X *(Q X (— log Z)) defines a 
deformation of both Z and X). 

Fix M = A° x *(O x ), L = A° x *(e x (-logZ)) and h the inclusion: 

h:A x *(Q x (-logZ))^A x *(Q x ). 

Then it is clear how we can associate with each element (l,m) G 
Defft a deformation of Z in X, with X fixed: the infinitesimal defor- 
mation of Z is the one corresponding to the Maurer-Cartan solution 
/ G A X *(Q X (— log Z)) and it induces a trivial deformation of X, since 
we are requiring that h(l) is gauge equivalent to zero in A X {Q X ). 

These new ideas developed by M. Manetti are of fundamental im- 
portance for this thesis which, in some sense, can be considered a gen- 
eralization of them. Actually, we extend these techniques to study not 
only the deformations of an inclusion but, in general, the deformations 
of holomorphic maps. 

These deformations were first studied from the classical point of 
view (no DGLA) by E. Horikawa [14] and [15], M. Namba [27] and by 
Z. Ran [28]. 

More precisely, let / : X — > Y be a holomorphic map of compact 
complex manifolds. 

There are several aspects of deformations of /: we can deform just 
the map / fixing both X and Y, we can allow to deform / and X or Y 
or, more in general, we can deform everything: the map /, X and Y. 

The infinitesimal deformations of /, with fixed domain and target, 
can be interpreted as infinitesimal deformations of the graph of / in 
the product X xY, with 1x7 fixed (see Section V.3). Therefore, we 
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are considering infinitesimal deformations of a submanifold in a fixed 
manifold and so the DGLA approach to this case is implicitly included 
in M. Manetti's work [24]. 

Next, we turn our attention to the general case in which we deform 
/, X and Y. 

In a functorial language, for each A e Art, we define an infinitesi- 
mal deformation of / over Spec (A) as a commutative diagram 

X A >Y A 




S, 

where S = Spec(A), (X a ,tt,S) and (Y A ,Tr,S) are infinitesimal defor- 
mations of X and Y respectively, and F is a holomorphic map that 
restricted to the fibers over the closed point of S coincides with /. 

In this case too we can give the notions of isomorphism and of 
trivial deformation. 

Then we can define the functor of infinitesimal deformations of a 
holomorphic map / : X — > Y: 

Def(/) : Art — ► Set, 

{isomorphism classes of | 
infinitesimal deformations of > . 
/ over Spec (A) J 

Let T be the graph of / in X x Y. An infinitesimal deformation of 
the map / can be interpreted as an infinitesimal deformation of T in Xx 
Y, such that the induced deformation of the product X x Y is a product 
of deformations of X and Y. In general not all the deformations of a 
product are products of deformations, as it was showed by K. Kodaira 
and D.C Spencer (see Remark II. 7. 5). 

Consider the Kodaira-Spencer algebra A° x * xY (Q XxY ) of the product 
X xY and the differential graded Lie subalgebra A° x * xY (©xxy (— log T)) 
defined by the following exact sequence 

o — A° x * xY (e XxY (-io g r)) — A° x * xY (e XxY ) — A^(N r{XxY ) — o, 

where N r \ XxY is the normal bundle of the graph r in X x Y (see 
Section II. 5.1). 

As before, we know that A° x * xY (Q XxY ) controls the infinitesimal 
deformations of X x Y and A x * xY (Q XxY (— log T)) controls the infin- 
itesimal deformations of the pair T C X x Y (each solution of the 
Maurer-Cartan equation in A° x * xY (Q XxY (—logT)) defines a deforma- 
tion of both f and I x 7). 
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Fix M = A x * xY (Q XxY ), L = A x * xY (e XxY (-logT)) and h the in- 
clusion: 

h : A x * xY (Q XxY (-logT)) A x * xY (Q XxY ). 

In the general case, it does not suffice to consider just the DGLA 
L or the morphism h : L — > M, since they have no control on the 
induced deformations on X x Y . 

Therefore, we need to define a new functor: the deformation functor 
associated with a pair of morphisms. 

Given morphisms of differential graded Lie algebras h : L — > M 
and g : N — > M: 

L 

h 

N — M, 

we define the functor 

Def (M) : Art — > Set, 
Def (M (A) = {(x,y,e p ) £ (L 1 ®m A ) x (N l ® m A ) x exp(M° <g> m A )\ 

dx + ^[x,x] = 0, dy + ^[y,y] = 0, g(y) = e p * h(x)}/ gauge, 

where this gauge equivalence is an extension of the previous ones (see 
Definition III. 1.12). 

This functor is a generalization of the previous ones: by choosing 
N = and g = 0, Def(/ l)9 ) reduces to Def^; by choosing N = M = 
and h = g = 0, Def^^) reduces to Def^. 

Consider the DGLA A° X *(Q X ) x A Y *(Q Y ) and the morphism g = 
(p*, q*) : A° X *(Q X ) x A°/(Q Y ) — ► A° x * xY (Q XxY ), where p and q are the 
natural projections of the product X x Y on X and Y, respectively: 
p:XxY — >X &ndq:X xY — >Y. 

We note that the solutions n = (ni,n 2 ) of the Maurer-Cartan equa- 
tion in N = A° X *(Q X ) x A Y *(Q Y ) correspond to infinitesimal deforma- 
tions of both X (induced by n x ) and Y (induced by n 2 ). Moreover the 
image g(n) satisfies the Maurer-Cartan equation in M = A° XxY (Q XxY ) 
and so it is associated with an infinitesimal deformation of X x Y, that 
is exactly the one obtained as product of the deformations of X (in- 
duced by rii) and of Y (induced by 712). 

Therefore, this g gives exactly the control on the deformations of 
the product that we are looking for. 

Let M = A° x * xY (G XxY ), L = A x * xY (Q XxY (-logT)), h : L — + M 
the inclusion, N = A° x *(e x ) x A Y *(0 Y ) and g = (p*,q*) : N — > M. 
Then we are in the following situation: 
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A°/ xY (Q x M-logT)) 
h 

A x (Ox) x Ay (0 y ) >■ A XxY (Qxxy)- 

In conclusion, each deformation of the map / corresponds to a Maurer- 
Cartan solution I G A XxY (Q X xy (— log T)), such that h(l) induces a 
deformation of X x Y isomorphic to a deformation induced by g(n), 
for some Maurer-Cartan solution n G A° x *(Qx) x A y *(Qy) (that is, 

and g(n) are gauge equivalent in A XxY (Qxxy))- 
Therefore, Def( ft)S ) encodes all the geometric data of the problem 
and the following theorem is quite obvious (see Theorem IV. 2. 5). 

THEOREM (B). Let f : X — > Y be a holomorphic map of com- 
pact complex manifold. Then, with the notation above, there exists an 
isomorphism of functors 

Def (M £ Def(/). 

This theorem holds for the general case of infinitesimal deformations 
of /, the other cases are obtained as specializations of it. 

For example, the deformations of / with fixed domain or fixed tar- 
get, are obtained by considering iV = A y *(Qy) ot N = A x *(Qx), 
respectively. 

In particular, using path objects, for each choice of h : L — >■ M 
and g : N — > M, we are able to find a differential graded Lie algebra 
H{h,g) suc h that Defn (h9) — Def( ftj9 ) (see Theorem III. 2. 36). 

Therefore, we give an explicit description (more than the existence) 
of a DGLA that controls the deformations of holomorphic maps (The- 
orem IV.2.6). 

Finally, we apply these techniques to study the obstructions to de- 
form holomorphic maps. 

The idea is the following: if we have an infinitesimal deformation 
of a geometric object, then we want to know if it is possible to extend 
it. 

More precisely, let F : Art — > Set be a deformation functor. A 
(complete) obstruction space for F is a vector space V, such that for 
each surjection B — > A in Art and each element x G F(A), there 
exists an obstruction element v x G V, associated with x, that is zero if 
and only if x can be lifted to F(B) (for details see Section 1. 1.1). 

Therefore, we would like to control this obstruction space and know 
when the associated obstruction element is zero. 

In general, we just know a vector space that contains these ele- 
ments but we have no explicit description of which elements actually 
are obstructions. Among other things, if W is another vector space 
which contains V, then also W is an obstruction space for F. Then, 
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in some sense we are looking for the "smallest" obstruction space (see 
Remark 1.1.26). 

For example, the obstructions of the functor associated with a 
DGLA L are naturally contained in H 2 (L) (see Section 1.3.5), but we 
do not know which classes in H 2 (L) are indeed obstructions. 

In the case of a complex compact manifold X, an obstruction space 
for the deformation functor Defx is the second cohomology vector 
space H 2 (X, <d x ) of the holomorphic tangent bundle 0^ of X (Theo- 
rem 1.2.9). 

If X is also Kahler, then A. Beauville, H. Clemens [5] and Z. Ran 
[29] [30] proved that the obstructions are contained in a subspace of 
H 2 (X, Q x ) defined as the kernel of a well defined map. This is the so- 
called "Kodaira's principle" (see for example [5, Theorem 10.1], [22, 
Corollary 3.4] or [7, Corollary 12.6], [29, Theorem 0] or [30, Corol- 
lary 3.5]). 

In the case of embedded deformations of a submanifold Z in a fixed 
manifold X, then the obstructions are naturally contained in the first 
cohomology H l (Z, N z \x) of the normal bundle N z \x of Z in X. In this 
case too, if X is Kahler, it is possible to define a map on H l (Z, Nz\ x ), 
called the "semiregularity map" , that contains the obstructions in the 
kernel. The idea of this map is due to S. Bloch [3] and it is also 
studied, using the DGLA approach, by M. Manetti [24, Theorem 0.1 
and Section 9]. 

In the case of deformations of a holomorphic map / : X — ► Y 
with fixed codomain, it was proved by E. Horikawa in [14] (see Theo- 
rem IV. 1.10) that the obstructions are contained in the second hyper- 

cohomology group M 2 (x, 0{Q X ) 0(f*Q Y j)- 

Using the approach via DGLA that we have explained, we can 
give an easy proof of this theorem (Proposition V.l.l) but, maybe 
most important, we can improve it in the case of Kahler manifolds 
(Corollary V.1.5). 

Actually, let n = dimX, p = dimY — dimX and Ti be the space of 
harmonic forms on Y of type (n + l,n — 1). By Dolbeault's theorem 
and Serre's duality we obtain the equalities H u = {H n ~ l {Y,VLy +1 )) v = 
/P+^ftfT 1 ). 

Using the contraction j of vector fields with differential forms (see 
Sections II. 5 and V.1.2), for each cu e H we can define the following 
map 

A° x *(f*e Y ) ^ A n / +n ^ 

M<t>fx) = 0/*(x^) g AY^ 1 V e (r@y)- 

By choosing u such that f*uo = 0, we get the following commutative 
diagram (see Corollary V.1.5) 
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Af(f*e Y )^^A n / +n ~ 1 

/*'' 

A X \Q X ) -0. 

Then, for each u we get a morphism 

e 2 (x, o(e x ) o(/*e y )) — // n (x, n» ), 

which composed with the integration on X gives 

a : H 2 (X,£>(0x) 0(f*Q Y j) — > fTP+^y,^ -1 ). 

Using a - we get the following theorem (see Corollary V.1.5). 

THEOREM (C). Let f : X — >■ F dea holomorphic map of compact 
Kahler manifolds. Let p = dimY — dimX . Then the obstruction space 
to the infinitesimal deformations of f with fixed Y is contained in the 
kernel of the map 

a : H 2 (X,0(G X ) 0(f*e Y )^ — > H P+1 (Y, Qy _1 ). 
The structure of this work is as follows. 

Chapter I contains the basic material about deformation functors. 
In Section 1.1 we define the deformation functors of Artin rings, tangent 
and obstruction spaces and some related properties. 

Section 1.2 is devoted to studying the deformation functor Defx of 
the infinitesimal deformations of a compact complex manifold X . 

In the last Section 1.3 we introduce the differential graded Lie alge- 
bras (DGLAs) and two associated functors: the Maurer-Cartan functor 
MCl and the deformation functor Def^ (for each DGLA L). 

In Chapter II we fix the notation about complex manifolds. We 
recall the notions of differential forms (Section II. 1) of Cech and Dol- 
beault cohomology (Section II. 3) and some properties of Kahler man- 
ifolds (Section II. 2). We also study the maps /* and /* induced by a 
holomorphic map / (Section II. 6). In particular, in Section II. 4, we 
define the Kodaira-Spencer differential graded Lie algebra A°^*(Q X ) 
associated with a complex manifold X. 

Section II. 7 contains the proof of theorem A (Theorem II. 7. 3): we 
prove the existence of an isomorphism Def^o,*^^ = Defx and so the 

Kodaira-Spencer algebra A° x *(Qx) controls the infinitesimal deforma- 
tion of X. 

Chapter III is the technical bulk of this thesis. In Section III. 1.2 we 
define the Maurer-Cartan functor MC(/, ]9 ) and the deformation functor 
Def(/j i9 ) associated with a pair of morphisms of DGLAs h : L — ► M 
and g : N — > M. Sections III. 1.3 and III. 1.4 are devoted to the 
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study of some properties of these functors as for example tangent and 
obstruction spaces. 

In Section III. 2 we introduce the extended deformation functors to 
prove the existence of a DGLA H( h ^ such that Def(/ lj9 ) = Def# (h9) 
(Theorem III.2.36). 

In Chapter IV we study the infinitesimal deformations of holomor- 
phic maps. 

Section IV. 1 is devoted to defining the deformation functor Def(/) 
of infinitesimal deformations of a holomorphic map / : X — > Y of 
compact complex manifolds. 

In Section IV.2, we prove theorem B, i.e., the existence of a pair 
of morphisms of DGLAs h : A x * xY (Q XxY (-logr)) A x * xY (Q XxY ) 
and g = (p*,q*) : A° X *(Q X ) x A°/(0 y ) — A° x * xY (Q XxY ), such that 
Def (hi9) = Def(/) (see Theorem IV.2.5). 

Chapter V contains examples and applications of the techniques de- 
scribed before. In Section V.l we study the infinitesimal deformations 
of holomorphic maps with fixed codomain and Section V.1.2 contains 
the main result about the semiregularity map (Corollary V.l. 5). 

Then we study infinitesimal deformations of a holomorphic map 
with fixed domain and codomain (Section V.3) and the infinitesimal 
deformations of an inclusion (Section V.4). 
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Functors of Artin rings 

In this chapter we collect some definitions and main properties of 
deformation functors. 

In the first section, we introduce the notions of functor of Artin 
rings, of deformation functors and we define the tangent and obstruc- 
tion spaces. 

Section 1.2 is devoted to the study of the deformation functor Defx 
of infinitesimal deformation of complex manifolds. 

In Section 1.3 we introduce the fundamental notions of differential 
graded Lie algebra (DGLA) L and of deformation functor associated 
with a DGLA Def L . 

The main references for this chapter are [6], [20], [23], [31] and 
[32]. 

1.1. Generalities on functors of Artin rings 

Let IK be a fixed field of characteristic zero. 
Consider the following categories: 

• Set: the category of sets in a fixed universe with {*} a fixed 
set of cardinality 1; 

• Art = Art K : the category of local Artinian K-algebras with 
residue field IK (A/m,A = IK); 

• Art = ArtK '■ the category of complete local Noetherian K- 
algebras with residue field IK (A/m,A = IK). 

For each S G Art we also consider: 

• Art 5 : the category of local Artinian S'-algebras with residue 
field K (for such an element A, the structure morphism S — > 
A induces a trivial extension of the residue field IK); 

• Art^ : the category of complete local Noetherian S'-algebras 
with residue field IK. 

Remark 1. 1.1. We note that Arts C Arts- Moreover, by mor- 
phisms in a category of local objects we mean local morphisms and 
we often use the notation A e C instead of A e 06(C), when C is a 
category. 

If f3 : B — ► A and 7 : C — > A are morphisms in Arts (i n Arts, 
respectively), then 

B x A C = {(&, c) e B x C I (3(b) = 7 (c)} 

15 
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is the fiber product of (5 and 7 and B x A C <E Arts (in Arts, respec- 
tively). 

Definition 1.1.2. A small extension in Arts (in Arts, respec- 
tively) is a short exact sequence 

e: — >J — >B^A — ► 0, 

where a is a morphism in Arts (i n Arts, respectively) and the kernel 
J is an ideal of B annihilated by the maximal ideal tub, tub • J — (0). 
This implies that J is K-vector space. 

A small extension is called principal if J is a one dimensional vector 
space (J = K). 

We will often say that a morphism a : B — ► A is a small extension, 
meaning that — ► ker(a) — > B —> A — > is a small extension. 

REMARK 1.1.3. Every surjective morphism in Arts can be ex- 
pressed as a finite composition of small extensions. 
Actually, let B — > A be a surjection with kernel J: 

— ► J — ► B — ► A — ► 0. 

Since B is a local artinian ring, its maximal ideal m is nilpotent: there 
exists no G N such that m n = for each n > n^; in particular, m n J = 0. 

Therefore, it is sufficient to consider the sequence of small exten- 
sions 

— ► m n J/m n+1 J — ► B/m n+1 J — > B/m n J — > 0. 

REMARK 1.1.4. In view of Remark 1.1.3, it will be enough to check 
the surjection for small extensions instead of verifying the surjection 
for any morphism in Arts- 

Definition 1.1.5. A functor of Artin rings is a covariant functor 
F : Arts — ► Set, such that F(K) = {*} is the one point set. 

The functors of Artin rings F : Arts — ► Set and their natural 
transformations build a category denoted by Funs- A natural trans- 
formation of functors 7 : F — ► G is an isomorphism of functors if 
and only if 7(A) : F(A) — ► G(A) is bijective for each A G Arts- 

Example 1.1.6. The trivial functor F(A) = {*}, for every A G 
Arts. 

Example 1.1.7. Let R e Arts- We define 

h R : Arts — > Set, 



such that 

h R (A) = Horns (R, A). 
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F G Funs is called pro-representable if it is isomorphic to Jir, for some 
R G Arts- 

If we can choose R G Arts then F is called representable. 

Let K[e], with e 2 = 0, be the ring of dual numbers over K. = 
K © Ke is a K- vector space of dimension 2 and has a trivial S'-algebra 
structure (induced by S — > K — > K[e]). 

Definition 1.1.8. The set t F :— F(K[e\) is called the tangent space 
of F G Fun s . 

Let 

(1) V ■ F{B x A C) — F(S) x F(A) F{C) 

be the map induced by the fiber product in Art^: 

B x A C *C 

B *- A. 

Definition 1.1.9. A functor F is called homogeneous if rj is an 
isomorphism whenever B — >■ A is surjective. 

Definition 1. 1.10. A functor F is called a deformation functor if 

i) rj is surjective whenever B — > A is surjective; 

ii) rj is an isomorphism whenever A — K. 

REMARK 1. 1.11. The deformation functors will play an important 
role in this work. 

In particular, we will study the following four deformation functors: 

1) the functor Defx of infinitesimal deformation of complex man- 
ifolds, in section 1.2; 

2) the functor Def^ associated with a differential graded Lie al- 
gebra L, in Section 1.3; 

3) the functor Dei^,g) associated with a pair of morphisms of 
differential graded Lie algebras h : L — > M and g : N — > M, 
in section III. 1 ; 

4) the functor Def / associated with the infinitesimal deformations 
of a holomorphic map /, in section IV. 1. 

Example 1.1.12. Let X be an algebraic scheme over K (separated 
of finite type over IK). Define the following functor 

Def x : Art — ► Set, 

where Defx(^4) is the set of isomorphism classes of commutative dia- 
gram: 
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x — »X A 

PA 

Spec(K) -Spec(A). 

where i is a closed embedding and p A is a flat morphism. Defx is a 
deformation functor (see [32, Section 3.7] or [31, Prop. III. 3.1]). 

PROPOSITION 1.1.13. Let F be a deformation functor. Then tf has 
a natural structure of ¥L-vector space and every natural transformation 
of deformation functors : F — > G induces a linear map between 
tangent spaces. 

Proof. Since F(K) is just one point and the morphism r] defined 
in (1) is an isomorphism for A = K, we have F(K[e]) x F(K[e]) = 
F{K[e] x K K[e}). 

Consider the map 

+ : K[e] x K K[s] — >K[e], 

(a + be,a + b'e) \ — > a + (b + b')e. 
Then using the previous isomorphism, the map + induces the addition 
onF(K[e]): 

F{K[e]) x F(K[e}) F(K[e] x K K[e}) ^ F(K[e}). 

Analogously, for the multiplication by a scalar k G K we consider the 
map: 

k : K[e] — »• K[e], 
a + be i — ► a + {kb)e. 

□ 

Remark 1.1.14. In the previous proposition we just used the fact 
that F(K) is one point and that i] in (1) is an isomorphism for A = IK 
andC = K[£] 

Definition 1.1.15. A morphism : F — ► G in Fun 5 is: 

- unramified if : tF — > £g is injective; 

- smooth if the map 

F(B)^G(B) x G(A) F(A) 
induced by the diagram 

F{B) ^ F{A) 



G{B) ^G(A), 

is surjective for every surjection B — > A in Art5; 
Stale if 6 is both smooth and unramified. 
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Remark 1.1.16. If : F — > G is smooth then, by taking A = K 
in the previous definition, we conclude that : F(B) — >■ G(B) is 
surjective. 

Remark 1.1.17. If : F — > G is an etale morphism, then it 
induces an isomorphism 0' : tp — ► to on tangent spaces. Actually, 
is unramified and so 0' is injective. By hypothesis, is also smooth 
and so, applying Remark 1.1.16 in the special case B = K[e], 0' is 
surjective. 

Definition 1.1.18. A functor F is smooth if for every surjection 
B — ► A of ^-algebras F(B) — > F(A) is surjective (that is, the mor- 
phism F — > * is smooth). 

Proposition 1.1.19. Let : F — > G be an Stale morphism of 
deformation functors. If G is homogeneous then is an isomorphism. 

Proof. Since is smooth, is surjective. Therefore, it is sufficient 
to prove the injectivity of using that G is homogeneous and is 
unramified. 

The proof of this fact is taken from [20, Lemma 2.10]; it is given for 

the sake of completeness. 

We prove it by induction on the length of A. 

If A — K then F(K) = G(K) = {*} and so the statement is obvious. 

Let 

— >Ke — > B — > A — ► 0, 

be a principal small extension (e-rriB = 0). By induction : F(A) — > 
G(A) is injective. 

Consider the following isomorphism of ^-algebras: 

ip:Bx K K[E] — ► B xa B, 

(b,b + Pe) i— > (b,b + (3e). 

Since F is a deformation functor, F(tp) : F(B) x tp — >■ F(B) Xf(A) 
F(B) is surjective. 

Since G is also homogeneous, G((p) : G(B) x t G — >■ G(B) x G {A) 
G(B) is an isomorphism. We note that G(<p)(G(B) x {0}) = A diago- 
nal. 

Now, suppose that 0(0 = 0(77) G G(B) for £ and i] G F(B). 

Since is injective on F(A), (£,77) G F(B) x F(B). 

Moreover, the surjectivity of F((p) implies the existence of an ele- 
ment h G t F such that F(ip)(£,h) = (£,77). Then G(^)(0(£), (/>(h)) = 
(0(£),0(?7)) G A and so 4>(h) = (G is an isomorphism). 

By hypothesis, is unramified, therefore, h — and so £ = 77. □ 

Remark 1.1.20. Let F be a deformation functor and / : B — ► A a 
surjection with ker / = K. Using the isomorphism _B x K K[e] = Bx A B 
of Proposition 1.1.19, we obtain a commutative diagram 
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F(B) x t F 



F{B) 



F(B) 



F(f) 



F(A). 



Ti is the projection and r defines an action of tp on F{B) which restricts 
to a transitive action on each fiber of F(f) (see [6, Lemma 2.12]). 

COROLLARY 1.1.21. Let F be a deformation functor, then F = {*} 
if and only if tp = (0). 

Proof. One implication is obvious. Next, let F be a deformation 
functor such that tp = (0). We prove that F(A) = {*} by induction 
on dirriK{A). If A — K. then there is nothing to prove (by definition 
of functor of Artin rings). Next, let 7r : B — > A be a small extension 
and suppose that F(A) = {*}. By Remark 1.1.20, tp = (0) acts 
transitively on the unique fiber F(B) of the map F(ir). This implies 
F(B) = {*}. □ 

1. 1.1. Obstruction theory. 

Definition I A. 22. Let F be a functor of Artin rings; an obstruction 
theory for F is a pair (V,v e ) such that: 

• V is a K-vector space, called obstruction space; 

• for every small extension in Arts 

e : — > J — > B A — >0 

v e : F(A) — ► V <S>k J is an obstruction map, satisfying the 
following properties: 

- If f e F(A) can be lifted to F(B) then v e (£) = 0. 

— For any morphism : e\ — >■ e 2 of small extension, i.e., 



(2) ei 



e 2 











Ji 



0j 



J 2 



Bo 



A l 



A 



4>A 











we have v e2 (<f>A(a)) 



(Idy ® 0j)(f ei (a)), for every a e 



Definition 1.1.23. An obstruction theory for a functor is complete 
if the lifting exists if and only if the obstruction vanishes. 

Remark 1.1.24. If F has (0) as complete obstruction space then F 
is smooth. In Proposition 1.1.31 we will prove that the converse is also 
true for a deformation functor. 

Remark 1.1.25. Let tp : F — >■ G be a natural transformation of 
functors and (V, v e ) an obstruction theory for G. Then (V, v' e := v e oip) 
is an obstruction theory for F. 
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Actually, consider the small extension in Arts 
e : — > J — >B A — >0 

and the map 

v' e : F(A) F M G(A) ^V® K J. 
Let £ G F(A) and suppose that it can be lifted to £ G F(B). Therefore, 
^(0 e G(A) can be lifted to G and so = u e (^(0) = °- 

Now, let : ei — > C2 be a morphism of small extension as in (2). 
Then for each a G F(A 1 ) we have 

(Id v <g> 0j)«(a)) = (Jdy ® 0j)(«ei(^(a))) = 

^e 2 (0A(^(a))) = We 2 (^ (0A(a))) = *4 (<M(a))) ■ 

Moreover, if the morphism ip is also smooth and (V, v e ) is complete 
for G, then (V, v' e ) is complete for F . 

Indeed, suppose that £ G F(-A) is such that = v' e (£) = v e (ip(£)). 
Then there exists 77 G G(B) that lifts G ((V, t> e ) is complete 

for G). Consider the following diagram 

F(B) »F(A)3£ 

v eG(B) — ^ G(A)3^). 

Since ip is smooth, the map F(B) — > F(A) Xg(A) G(B) is surjective 
and so there exists £ G F(B) that lifts £. 

REMARK 1.1.26. If V is complete a obstruction theory for a functor 
F, using embeddings of vector spaces we can construct infinitely many 
complete obstruction theories. Therefore, the goal is to find a "small- 
est" complete obstruction theory. The main results in this context is 
the following Theorem 1.1.28. First of all, we give a definition. 

Definition 1.1.27. A morphism of obstruction theories (V,v e ) — > 
(W, w e ) is a linear map (of vector spaces) 6 : V — ► W such that 
w e = 9v e , for every small extensions e. 

An obstruction theory (Op, ob e ) for F is called universal if for any 
obstruction theory (V, v e ) there exists a unique morphism (Op, ob e ) — ► 

(V,V e ). 

Theorem 1.1.28. (Fantechi, Manetti) Let F be a deformation func- 
tor. Then there exists a universal obstruction theory (CV, o& e ) for F. 
Moreover, the universal obstruction theory is complete and every ele- 
ment of the vector space Of is of the form o6 e (£) for some principal 
extension 

e: — >Ke — > B — > A — ► 0. 
and some £ G F(A). 
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Proof. See [6, Theorem 3.2 and Corollary 4.4]. □ 

Let : F — > G be a morphism of deformation functors and (V, v e ), 
(W, w e ) obstructions theories for F and G, respectively. A linear map 
0' : V — ► W is compatible with if w e (fi = (fi'v e for every small 
extensions e. 

Theorem 1.1.29. Let : F — > G be a morphism of deformation 
functors and 0' : (V, v e ) — > (W, w e ) a compatible morphism of ob- 
struction theories. If (V,v e ) is complete, 0' injective and tp — > to 
surjective, then is smooth. 

Proof. See [20, Proposition 2.17]. We have to prove that the map 

F(B)^G(B) x G(A) F(A) 

is surjective, for all small extensions 

— >Ke — ► B — ► A — >0. 

Let (b',a) e G(B) ^g(A) F(A) and a' £ G(A) their common image, 
that is, b' e G(B) lifts a' E G(A) and so w e (a') = 0. 

By hypothesis, 0' is injective and so v e (a) = (0 = w e (a') = 
w e (4>(a)) = 4>'(v e (a))). Therefore, there exists b G F(B) that lifts a: 

b e F(B) >F(A) 3 a 

" 

V e G(B) G(A) 3 a'. 

In general b does not lift V . Let b" = 0(6) G G(B); then (b", b') G 
G(B) x G(A) G(B). 

As observed in the proof of Proposition 1.1.19, we have an isomor- 
phism B x K K[e] = B x A B; since G is a deformation functor, there 
exists a surjective morphism 

a : G{B) xt G = G(B x A B) — G{B) x G(A) G(B). 

Therefore, there exists h G t G such that (6", b" + h) is a lifting of 
(b",b" + h = b'). 

By hypothesis, tp — ► t G is surjective and so there exists a lifting 
k G t F of h G t G . Taking k + b G F(B) produces a lifting of a that 
maps on b' . 

□ 

REMARK 1.1.30. Let : F — > G be a morphism of deformation 
functors and (Op,v e ) and (0 G ,w e ) their universal obstruction theo- 
ries. Then (0 G , w e o 0) is an obstruction theory for F. Thus, by 
Theorem 1.1.28, there exists a morphism o(0) : (0 F ,v e ) — > (0 G ,w e ). 

In conclusion, every morphism of deformation functors induces a 
linear map both between tangent spaces and universal obstruction spaces. 
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Next, we want to consider some useful properties between these 
morphisms. 

Proposition 1.1.31. Let : F — >■ G be a morphism of deforma- 
tion functors. Then is smooth if and only if tp — > t G is surjective 
and o(<f>) : Op — > Og is injective. In particular, F is smooth if and 
only if Op = 0. 

Proof. If t F — > t G is surjective and o(0) : Op — > Oq is injective 
then is smooth by Theorem 1.1.29. 

Viceversa, suppose that is smooth, then by Remark 1.1.16, tp = 
F(K[e]) — > G(K[e]) = t G is surjective. Let B — > A be a small 
extension and a an element of F(A), with obstruction x G Of such 
that o(4>)(x) = G Oq- By Theorem 1.1.28, Og is complete and so 
0(a) G G(A) can be lifted to b' G G(B). Again, by Remark 1.1.16, 
F(B) — > G(B) is surjective and so there exists b G F(B) that lifts 
a. Therefore, the obstruction of a is zero (x = 0) and this proves that 
o(0) is injective. □ 

Corollary 1.1.32. A morphism of deformation functors : F — ► 
G is Stale if and only if tp — ► t G is bijective and o(0) : Of — ► Og is 
injective. 

Proof. If is etale, then by Remark 1.1.17 t F — > tc is bijective. 
Since is also smooth, o(0) : Op — > Og is injective. 

Conversely, by Proposition 1.1.31 is smooth; by hypothesis, tp — ► 
t G is injective, and so is also unramified. □ 

Corollary 1.1.33. Let : F — >■ G be a morphism of deformation 
functors with G homogeneous. If tp — > t G is bijective and o(0) : 
Of — > Og is injective then is an isomorphism. 

Proof. Put together Corollary 1.1.32 and Proposition 1.1.19. □ 

Remark 1.1.34. When G is not homogeneous, could be not in- 
jective and so we can just conclude the surjectivity of 0. Therefore, 
in these cases we prove the injectivity directly. This will happen in 
Theorems II.7.3 and IV.2.5. 

Corollary 1.1.35. 7/0 : F — > G is smooth then o(0) : F — > 
Og is bijective. 

PROOF. By Proposition 1.1.31, we have just to prove that o(0) : 
Op — >■ Og is surjective. Let B — > A be a small extension and 
y G Og the obstruction to lifting a' G G(A) to b' G G{B). Since is 
smooth, there exists a G F(A), such that 0(a) = a', and b G F(B), such 
that 0(6) = b'. Therefore, the obstruction x G O f to lifting a G F(A) 
to b G F(B) is a lifting of y G G . 

□ 
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1.2. Deformation functor of complex manifolds 

In this section we study the infinitesimal deformation functor asso- 
ciated with a compact complex manifold. Thus we will work over the 
complex numbers and so K = C and Art = Art c . 

The main references are [16, Chapter 4], [32], [31, Chapter II]. 

Definition 1.2.1. Let X be a compact complex manifold and 
A G Art. An infinitesimal deformation of X over Spec(A) is a com- 
mutative diagram of complex spaces 



X 



Spec(C) — Spec(A), 

where 7r is a proper and flat holomorphic map, a G Spec(A) is the 
closed point, i is a closed embedding and X = Xa Xs pcc (A) Spec(C). 
If A = K[e] we call it a first order deformation of X. 

Sometimes, for an infinitesimal deformation Xa over Spec(A), we 
also use the short notation (Xa, 7r, Spec(A)). 

Remark 1.2.2. Let Xa be an infinitesimal deformation of X. We 
note that, by definition, it can be interpreted as a morphism of sheaves 
of algebras O a — ► Ox such that Oa is flat over A and Oa ®a C — > Ox 
is an isomorphism. 

Given another deformation X' A of X over Spec(.A): 



X' 



X 



Spec(C) — ^->- Spec(A), 

we say that Xa and X' A are isomorphic if there exists an isomorphism 
4> : Xa — ► X' A over Spec(A), that induces the identity on X, that is, 
the following diagram is commutative 




Spec(A). 

We note that for every X we can always define the infinitesimal 
product deformation: 
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X x Spec(A) 



Spec(C) a > Spec(A). 

Definition 1.2.3. An infinitesimal deformation of X over Spec(A) 
is called trivial if it is isomorphic to the infinitesimal product deforma- 
tion. 

X is called rigid if every infinitesimal deformation of X over Spec (A) 
(for each A e Art) is trivial. 

For every deformation of X over Spec (A) and every morphism 
A — > 5 in Art (Spec(-B) — > Spec(A)), there exists an associated 
deformation of X over Spec(_B), called pull-back deformation, induced 
by a basis change: 

X X A Xspec(A) Spec( J B) 



Spec(C) >- Spec(-B). 

Definition 1.2.4. The infinitesimal deformation functor Defx of 
a complex manifold X is defined as follows: 

Def x : Art -> Set, 

isomorphism classes of 
Defx (A) = ^ infinitesimal deformations 
of X over Spec(A) 



Proposition 1.2.5. Defx is a deformation functor, i.e., it satisfies 
the conditions of Definition 1. 1.10. 

Proof. See [32, Section 3.7] or [31, Proposition III.3.1]. □ 

1.2.1. Tangent and obstruction spaces of Defx- Let X be a 
compact complex manifold and ©x its holomorphic tangent bundle. 

In this section we prove that the tangent space of Defx is H X {X, Ox) 
and that the obstruction space is naturally contained in H 2 (X,Q X )- 
First of all, we recall a useful lemma. 

LEMMA 1.2.6. Let B be a C-algebra and 

— > J — >B — > A — >0 

a small extension in Art. Then there is a 1-1 correspondence 

j automorphisms of the trivial deformation B ® c B 
[ inducing the identity on B ® c A 

where the identity corresponds to the zero derivation, and the composi- 
tion of automorphisms corresponds to the sum of derivations. 



j < ► Der c (B ,B ) 
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Proof. See [31, Lemma II. 1.5] □ 

Remark 1.2.7. Let U be a Stein open subset of a complex manifold 
X. Then the previous lemma is equivalent to saying that the following 
sequence is exact: 

— > F(Ui, Q X )®J — > A\it(Ox(Ui)®B) — > Aut(O x (C/,)®A) — > 0. 
Moreover, we note that this is a central extension. 

Theorem 1.2.8. Let X be a complex manifold. Then there is a 1-1 
correspondence: 

{first order deformations of X} , Tr ^ . 

k : ^ : J ——. J — L — > tf 1 (X, 6 X ), 

isomorphism 

called the Kodaira- Spencer correspondence, where Qx = Hom(£T^, Ox) = 
DerK(Ox, Cx), is the hololmorphic tangent bundle of X . 

Moreover, fc(£) = if and only if £ is the trivial deformation class. 

Proof. For completeness we repeat this proof from [31, Proposi- 
tion II. 1.6] where all details are available. 
Let X £ be a first order deformation of X: 



X -X 



Spec(C) ^Spec(C[ £ ]), 

and U = {Ui} ie i be a Stein open cover of X such that U^ — U^Cl Uj 
and Uijk = UiH Uj fl £4 are Stein for every i,j and k <E I. 

For any open C/j the deformations X £ \ Ui are trivial, then for each 
« £ I there exist isomorphisms of deformations 

i: E/i x Spec(C[ £ ]) — X eWi . 

Therefore, for all i and j G /, the composition 

Oij = 6,r l 6j : Uij x Spec(C[£]) — ► x Spec(C[£]) 

is an automorphism of the trivial deformation U^ x Spec(C[e]) of the 
Stein open subset Uij. 

Applying Lemma 1.2.6, we conclude that there exists an element 
dij G r(Uij, Qx) corresponding to 0^-, for all i and j G I. 

Moreover, on each U^k the following equality holds 

djkdik 1 9 i j 1 = 0j 1 dkdk 1 9i6 i 1 9j = id\ UijkXS p C c(K[e})- 

Therefore, applying again Lemma 1.2.6 yields 

djk — dik + d^ = 0, 

that is, {d^} is a Cech 1-cocycle and so it defines an element in 
H\X,Q X ). 
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It can be checked that this element does not depend on the choice of 
the open cover U. 

Let XL be another first order deformation 



£ 



X >XL 



e 



Spec(C) >Spec(C[£]), 

and an isomorphism of deformations: : X e — > X' e . 

Then, for each % G /, there exists an induced automorphism 

a { = Q'r x o (f)p. o Oi : 

Ui x Spec(C[e]) X e]Ui ^ X' e{Ui U t x Spec(C[ £ ]) 

and so a corresponding element Oj G r([/j, ©x)- 
Therefore, we have 0^ = 01^6^ and 

This implies 

®*i ®ij ®ij 

or equivalently 

d'ij + a j — Ui = dij. 
In conclusion, the Cech cocycles {dij} and {d 1 ^} are cohomologous and 
so they represent the same element in H 1 (X, Ox)- 

Conversely, let 9 G H X (X, Q x ) and {(%} G Z 1 (U,Qx) be a repre- 
sentative of with respect to an open Stein cover {U}. By Lemma 1.2.6, 
we can associate with each d^ an automorphism 6^ of the trivial defor- 
mation Uij x Spec(C[e]). Since the element {d^} satisfies the cocycle 
condition, % satisfies this condition too: 

OjlJ'il.- '(';/ = id\u ijk xSpec(C[e])- 

Using these automorphisms we can glue together the schemes Ui x 
Spec(C[e]) (see [13, pag. 69]) to obtain a scheme X £ that is a first 
order deformation of X. 

At this point the last assertion is clear. 

□ 

Theorem 1.2.9. H 2 (X, Ox) is a complete obstruction space for 
Defx- 

Proof. For completeness, we take the proof from [31, Proposi- 
tion II. 1.8] where details are available. 

Let U = {Ui}i e i be an open Stein cover of X such that and 
are Stein for all, i,j and k G / and 

— > J — >B — > A — >0 
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be a small extension in Art. 

Let X A be an infinitesimal deformation of X over Spec (A). Then 
we have isomorphisms 

Oi-.UiX Spec(A) — ► X A]U . 

such that 9ij := 9 i ~ 1 9j are automorphisms of the trivial deformations 
x Spec(A) and 9j k 9 ik ~ x 9ij = id\ UijkXSpcc ( A ). 

To define a deformation Xb that lifts the deformation X A is neces- 
sary and sufficient to give automorphisms {%} of the trivial deforma- 
tion U^ x Spec(I?) such that 

i) {%} glues together: 9 jk 9~ k l 9ij = id\ Ui . kXSp0 c(B), 
ii) {9{j} lifts {%}: % restricts to 9{j on Uj x Spec(A). 

Let us choose automorphisms {%} that satisfy condition ii). Then 
the automorphisms 

Oijk = j k9~ k 1 9 ij 

are automorphisms of the trivial deformation that restrict to the iden- 
tity on Uij k xSpec(A). By Lemma 1.2.6, there exists {dij k } G T(Uij k , ©x)® 
J that corresponds to An easy calculation shows that {dij k } is a 
Cech cocylce and so {dij k } G Z 2 (U, Ox) <8> J- 

Next, let {9ij} be different automorphisms of the trivial deforma- 
tions Uj x Spec(-B) that satisfy condition ii). As above, let dij k be the 
derivations corresponding to 9ij k . 

The automorphisms Qij9~J~ of Uj x Spec(£>) restrict to the identity 
on Uj x Spec(A) for each Uj and so, again by Lemma 1.2.6, they 
correspond to some {(%} G T(Uj, Qx) <8> J- 

Therefore, 

d%j k dij k ~\~ dj k di k ~\~ dij. 

This implies that the Cech cocycles {dij k } and {dij k } are cohomolo- 
gous and so their cohomology classes coincide in a well defined element 
v e {X A ) in H 2 {X, Q x ) <S> J- ' 

Ve (X A ) := [{d ijk }\ = [{d ijk }] G # 2 (X, & x ) ® 

Moreover, the class ^(X^) is zero if and only if the collection of auto- 
morphisms also satisfies condition i) and it is equivalent to the existence 
of a lifting X B of the deformation X A . 

□ 

1.3. DGLAs and deformation functor 

In this section we study the deformation functor associated with a 
differential graded Lie algebra (DGLA). 

In particular, we give the fundamental definition of a DGLA (Def- 
inition 1.3.5). 
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We also introduce the Maurer-Cartan functor MCl (Definition 1.3.17) 
and the deformation functor Def l associated with a DGLA L (Defini- 
tion 1.3.30). 

We start by defining the differential graded vector spaces. 

1.3.1. Differential graded vector spaces. Let K be a fixed field 
of characteristic 0. Unless otherwise stated, all vector spaces, linear 
maps, tensor products etc. are intended over K. 

Every graded vector space is a Z-graded vector space (over IK). If 
V = ®iV % is a graded vector space and a e V is a homogeneous 
element, then we denote by degy(a) the degree of a in V; we will also 
use the notation deg(a) = a, when V is clear from the context. 

The morphisms of graded vector space are degree preserving linear 
maps. 

Given two graded vector spaces V and W, we define Hom^(V, W) 
as the vector space of K-linear maps / : V — ► W, such that f{V l ) C 
W i+n , for each % e Z. 

Let V be a graded vector space, then V[n\ is the complex V with 
degrees shifted by n. More precisely, for K[n] we have 




K if i + n = 0, 
otherwise. 



Then V[n] — K[n] <g) V, which implies V[nf = V i+n . 

Remark 1.3.1. We note that there exist isomorphisms 

Hornby, W) = Hom° (V[-n\, W) - Horn" (V, W[n\). 

A differential graded vector space is a pair (V, d) where V = ®V l is 
a graded vector space and d is a differential of degree 1 (d : V 1 — > V l+1 
and d o d — 0). 

For every differential graded vector space (V, d) we use the standard 
notation Z\V) = ker{d: V 1 -> V l+1 ), B i (V) = Im(d: V 1 ' 1 -> V*) and 
H\V) = Z i {V)/B i (V). 

A morphism of differential graded vector spaces is a degree preserv- 
ing linear map that commutes with the differentials. 

A morphism is a quasi-isomorphism if it induces isomorphisms in 
cohomology. 

Example 1.3.2. Given (V,d), then for each i £ Z, the shifted dif- 
ferential graded vector space (V[i],d[jj) is defined as: 

V\i] = V\i] j = V i+j and d {i] = (-l)V. 

3 3 
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Example 1.3.3. If (V,d v ) and (W : d w ) are differential graded vec- 
tor spaces, then we can define a new differential graded vector space 

Hom*(y, W) = Hornby, W) 

with natural differential d! given by 

d\f) :=d w f-(-l) dc ^fd v . 

Moreover, for each i, there exists the following isomorphism 

/T(Hom*(y, W)) = rW(/T(y), H*(W)). 

Example 1.3.4. Given (V,dy) and (W, dw), we can also define the 
following differential graded vector space 

Htp(V, W) = Hom*(y[l], W) = Htp^y, W), 

i 

with 

Htp*(V; W) = Hom^yfl], W) = Hom i_1 (V; W) 
and differential <5: 

<*(/) = M/) - (-lYfd v[1] = d w f + (-lYfd v V/ e Htp'^WO. 

We will use these differential graded vector spaces in the last chapter 
(Section V.f .1). 

1.3.2. Differential graded Lie algebras (DGLAs). 

Definition 1.3.5. A differential graded Lie algebra (DGLA for 
short) is a triple (L,[,],d), where (L = ^^V,d) is a differential 

graded vector space and [ , ] : L x L — > L is a bilinear map, called 
bracket, satisfying the following conditions: 

1. the bracket [ , ] is homogeneous and graded skewsymmetric; 
i.e., [L\ LP] C L i+j and [a, b] + (-l) dc g( a ) dc s( b )[6, a ] = 0, for 
every homogeneous a and b. 

2. Every triple of homogeneous elements satisfies the graded Ja- 
cobi identity 

[a, [b,c]] = [[a,b],c] + (-l)^^\b, [a,c]]. 

3. d(L l ) C L i+ \ d o d = trnd 

d[a,b] = [da,b] + (-I) dcg(a) [a,d&]. 

The last property is called Leibniz's rule and, in particular, it im- 
plies that the bracket induces a structure of differential graded Lie 
algebra (with zero differential) on the cohomology H*(L) = @iH % (L) 
of a DGLA L. 



1.3. DGLAS AND DEFORMATION FUNCTOR 



31 



Example 1.3.6. If L = ®U is a DGLA, then L° is a Lie algebra 
in the usual sense; vice- versa, every Lie algebra is a differential graded 
Lie algebra concentrated to degree 0. 

Remark 1.3.7. If the degree of a is even then [a, a] = (graded 
skew-symmetry). If the degree of a is odd, then [a, [a,b]] = ^[[a,a],b] 
for all b G L (graded Jacobi). In particular, [a, [a, a}} = 0; moreover, 
[a, b] = [b, a] for all a and b G L of odd degree. 

Definition 1.3.8. A morphism of differential graded Lie algebras 
ip : L — > M is a linear map that preserves degrees and commutes with 
brackets and differentials; written in details we have 

- tp(U) C M\ for each i; 

- p(dia) = dM{<-p{a)), for each a G L; 

- ip([a, b}) = [ip(a), y?(&)], for each a, b G L. 

A quasi-isomorphism of DGLAs is a morphism that induces isomor- 
phisms in cohomology. Two DGLAs L and M are quasi-isomorphic if 
they are equivalent under the equivalence relation ~ defined by: L ~ M 
if there exists a quasi-isomorphism <fi : L — > M. 

A DGLA L is formal if it is quasi-isomorphic to its cohomology 
graded vector space H*(L). 

Remark 1.3.9. The following DGLAs are isomorphic: 

(L, [, },d) = (L, —[, },d) = (L, [ , ], —d) = (L,—[, ], —d). 

Actually, the morphism ip = —id gives an isomorphism between (L, [ , ],d) 
and (L,—[, },d), whereas <p(— ) = (— l) dcg ^^c? is an isomorphism be- 
tween (L, [ , ], d) and (L, [ , ], — d). 

Definition 1.3.10. A linear map / : L — > L is called a derivation 
of degree n if f{L l ) C L t+n and it satisfies the graded Leibniz rule: 

f([a,b}) = [/(«), b] + (-ir [a, f(b)]. 

The graded Leibnitz rule implies that the differential d is a deriva- 
tion of degree 1. 

Remark 1.3.11. Let a G V and consider the operator 

[a,]:L — > L, 

[a, } (x) — [a, x] , ViGl. 

Then, the graded Jacobi identity implies that [a, } is a derivation of 
degree i = deg(a). 

Example 1.3.12. Let L be a DGLA and consider the vector space 
decomposition L 1 = N 1 © B l (L). Then the graded vector space N = 
®N { with 

N { = for i < 
N 1 = N 1 for i = 1 
iV* = for i > 2 
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is a sub-DGLA of L. 

Example 1.3.13. Given a DGLA (L = ®L\ [ , ], d) we can associate 
with it a new DGLA (V = ®L'\ [ , ]', d') where 

= U for i ^ 1 

L' l = L l ®Kd fori = l, 

[v + ad^ + fcd]' = + ad(w) - (-l) des ^&d(v) 

and 

d'(v + a d) = [d, v + ad]' = dt> , 
for any v,w G L % and a, 6 G K. 

Example 1.3.14. Let M be a DGLA. Then M[t,dt] = M®K[t,dt] 
is a DGLA, where K[t, dt] is the differential graded algebra of polyno- 
mial differential forms over the affme line. More precisely, K[t, dt] = 
K[t] © K[t]dt, where t has degree and dt has degree 1. As vector 
space M[t, dt] is generated by elements of the form mp(t) + nq(t)dt, 
with m,n G M and p(t),q(t) G K[t}. The differential and the bracket 
on M[t, dt] are defined as follows: 

d(mp(t) + nq{t)dt) = (dm)p(t) + (-l) dcg(m) mp'(t)dt + (dn)q(t)dt, 

[mp(t), nq(t)] = [m,n]p(t)q(t), [mp(t),nq(t)dt] = [m,n]p(t)q(t)dt. 

For every a G K define the evaluation morphism in the following 

way 

e a : M[t, dt] — »■ M, 

e a (y^ mjt 1 + nit l dt) = mjO 1 . 

The evaluation morphism is a morphism of DGLAs which is a left 
inverse of the inclusion and is a surjective quasi-isomorphism for each 
a. 

Example 1.3.15. If L is a DGLA and B is a commutative K-algebra 
then L <g> B has a natural structure of DGLA, given by 

[I <S> a, m <g) b] = [I, to] <S> ab; 

d(l <S> a) = dl <S> a. 

If B is also nilpotent (for example B = itla the maximal ideal of a 
local artinian K-algebra A) then L®B is a nilpotent DGLA. Therefore, 
for every a G L° <g> B, we can define an automorphism of the DGLA 
L® B: 

e [o,-] ;= y KH! : L® B — > L® B, 



ni 

n>0 



where 



[a, -] : L ® B — > L®B, 
[a,-] (6) := [a, 6] 
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is a nilpotent derivation of degree zero (since [a, —]([&, c]) = [[a, — ] (6), c] + 
[6,[a,-](c)]). 

Example 1.3.16. Let (L, d) be a DGLA and Der*(L,L) the space 
of derivations of L of degree i. Then Der*(L,L) = 0,. Der*(L,L) is a 
DGLA with bracket 

[f,g} = fg-(-iy~ 9 gf, 

and differential d! given by 

d'(f) = [dj}. 

1.3.3. Maurer-Cartan functor associated with a DGLA. 

Definition 1.3.17. The Maurer-Cartan equation in a differential 
graded Lie algebra L is 

1 

dx + -[x, x] — 0, x G L 1 . 

The solutions of this equation are called the Maurer-Cartan elements 
of the DGLA L. 

Remark 1.3.18. Let x G L 1 be an element of degree one in the 
DGLA L and consider the operator of degree one 

d(-) + [x, -] : I — ► L, 

) + [x, —])(a) = da + [x, a] V a G L. 
Then, d(-) + [x, — ] is a differential ) + [x, — ]) 2 = 0) if and only 
if x satisfies the Maurer-Cartan equation. Indeed, using Remark 1.3.7, 

(d(-) + [x, -]) 2 (a) = (d(-) + [x, -}){da + [x, a}) = 

d 2 a + d[x, a] + [x, da] + [x, [x, a]] = 

[dx,a] + (-l) deg{x) [x,da\ + [x,da] + l[[x,x],a] = 
[dx + —[x, x],a\. 

REMARK 1.3.19. Let L' be the DGLA of Example 1.3.13 (with L' 1 = 
L 1 ®Kd) then 

dx H — [x, x] — if and only if [x + d, x + d]' = 0. 
2 

The previous definition led to the following definition of the Maurer- 
Cartan functor. 

Definition 1.3.20. Let L be a DGLA; then the Maurer-Cartan 
functor associated with L is 

MC l : Art — > Set, 

MC L (A) = {x G L 1 <g> m A | dx + \[x,x\ = 0}. 
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Remark 1.3.21. A morphism : L — > M of DGLA preserves 
bracket and differential, therefore, it induces a morphism of functors 
: MC L — ► MC M - 

Remark 1.3.22. We note that MCl is a homogeneous functor, since 
MC L (Bx A C) ^ MC L (B) x MCi(A) MC L (C) for each pair of morphisms 
7 : C — > A and f3 : B — > A, with (3 surjective. 



Remark 1.3.23. By definition, the tangent space of MC^ is: 

§1 



t MCL ■= MC L (K[e]) = {x G L 1 <g> Ke \dx + -[x,x] = 0} 



{ia 1 |& = 0} = Z\L). 
Lemma 1.3.24. H 2 (L) is a complete obstruction space for MC^. 
Proof. Let 

e: — > J — >B ^ A — > 

be a small extension in Art and x G MC L (A). 

We want to define a map v e : MC L (A) — > H 2 (L) ® J. 
Let x G L 1 ® m B be a lifting of x and define 

ft, = dx + - [x, x] G L 2 <S> tub- 

In general, x does not satisfy the Maurer-Cartan equation and so h is 
in general different from zero. 

It turns out that a(h) = dx + -[x,x] = and so h G L 2 <g> J. 
Moreover, 

<i/i = d 2 x + - [dx , x\ — — [x, dx] = a 

= [dx,x] = [h,x] - ^[[x,x],x]. 

By definition, [h,x] G [L 2 ® J, L 1 ® m B ] =0 (e is a small extension) 
and, by Remark 1.3.7, [[x, x], x] = 0. 

In conclusion, dh = and so h G H 2 (L) ® J. 

We note that this class does not depend on the choice of the lifting 
5. Indeed, let y G L 1 <g> be another lifting of re: = a(x) = x. 
Then ?/ = 5 + t for some t G L 1 ® J. Using [L 1 (g) J, L 1 ® m B ] = 0, we 
have 

hi = dy + - [y, y] = dx + dt + - [x + 1, x + £] = dx + - [x, x] + dt — h + dt 

Z Z z 

and so h and hi represent the same class in H 2 (L) <g> J. 
Therefore, the following obstruction map is well defined 

v e : MC L (A) — > # 2 (L) <g> J, 



a We have -i[x,cZ:z] = -i(-(-l) 2 [<ir, x]) = 
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x i — > v e (x) = [h]. 

If [h] = then h = dq for some q G L 1 © J. This implies that x = x — q 
is a lifting of x that satisfies the Maurer-Cartan equation, i.e., 

1 1 1.. 

dx + - [x, x] = dx — dq + - [x — q, x — q] = dx — dq + - [x , x] = h — dq = 0. 
2 2 2 

Thus, f e satisfies condition 1 of Definition 1.1.22 of obstruction the- 
ory. The other property (change of basis) is an easy calculation. 
If x G MC L (A) can be lifted to x' G MC L {B) then [h] = 0. 
In conclusion, (H 2 (L), v e ) is a complete obstruction theory for MCl- 



Remark 1.3.25. (About smoothness) 

If H 2 {L) = then MC L is smooth. 

If L is abelian then MC^ is smooth. Actually, in this case, MCl(A) = 
Z X (L) © m A . Moreover, if B -» A then Z X (L) ®m A ^> Z X (L) © m B . 

1.3.4. Gauge action. 

Definition 1.3.26. Two elements x and y G L 1 © itla are said to 
be gauge equivalent if there exists a G L° © such that 



The operator * is called the gauge action of the group exp(L° ©m^) 
on L®rriA] indeed e a *e b *x = e a ' b *x, where » h is the Baker-Campbell- 
Hausdorff product in the nilpotent DGLA L © m A . 

Remark 1.3.27. For a better understanding of the gauge action, it 
is convenient to consider the DGLA L' of Example 1.3.13 (with L' 1 = 
L 1 ©Kg?) and the afline embedding 

— >L'\ (f)(x)=x + d ViGl 1 . 

As already observed, dx + -[x, x] =0 if and only if [<f)(x), <f>(x)]' = 0. 

As in Example 1.3.15, for each A G Art and a G L'° © tjia, we 
can consider the exponential of the adjoint action e^'l' : L' 1 © vtla — ► 
L' 1 © m^. Using the embedding this action induces the gauge action 
of LP®rriA on L 1 ©??-^. Actually, for any a G L ®rriA and x G L 1 ©???^ 



□ 




n>0 



1 (e[°']>(a:)) = e [a ' ] '(x + d) - d 




n>0 




( [a, x] — da) 



= e * x. 



b a.6 = a + fe+-[a,6] + — [a, [a, b}] - — 



[b, [b,a]} + --- 
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Example 1.3.28. Let J be an ideal of A G Art (J c m A ) such that 
J • m A = (for example, J may be the kernel of a small extension). 
If x G L 1 ® J then, for each a G L° <g> we have 

00 r 1 n 00 r 1 n 

e a *x = x+y^ , \A \a,x\-da) = x+Y^ — K-r(-da) = x+e a *0, 
Z-< (n + 1 ! u J ^ n+ 1 ! v 

n=0 v ' n=0 v ' 

or, in general, if y G L 1 ® then e a * (x + = x + e a * y. 
If a G L° ® J then, for each iGl 1 ® m^: 

°° [a -l n 

e a * x = x + > - — r-r (\a, x] — da) = x — da. 

Z-< (n+ 1 ! u 

n=0 

In general, if 6 G L° ® m^, then e a+b * x = e b * x — da. 
We note that 

(3) e a * x = x if and only if [a, x] = da. 

e i a -} — id 

Actually, e a * x = x if and only if = — : ; — ([a, x] — da). Applying 

[a, —\ 

e k-] _ id 

the inverse of the operator — — , yields e a * x = x if and only if 

[a, -\ 

[a, x] — da = 0. 

Remark 1.3.29. The solutions of the Maurer-Cartan equation are 
preserved under the gauge action. 
Actually, we have 

d(e a *x) = d'(e M '(d + x)-d) = [d,e M '(d + x)-d]' = [d, e [a ' Y (d + x)}' 
and using Remark 1.3.19 

[e a *x,e a *x] = [e [a ' ] '{d + x) - d, e M \d + x) - d}' = 
[e M '(d + x), e M '(d + x)}' - 2[d, e M (d + x)}' = 
e [a ' ] '[d + x,d + x}'- 2[d, e [a ' ] '(d + x)]' = -2[d, e M '(d + x)]'. 
Therefore, 

d(e a * x) + -\e a * x, e a * x] = 0. 

Z 

Finally, for each x G MCl(A), we define the irrelevant stabilizer of 



x: 



Stab A (x) = { e dh+ ^ h \ heL" 1 ® m A } C exp(L° ® A). 

The name irrelevant stabilizer is due to the fact that e dh +\ x M * x — x . 
Actually, dh + [x,h] satisfies condition (3), i.e., 

[dh + [x, h],x] = [dh, x] + [[x, h],x] = d[h, x] + [h, dx] + - [h, [x, x]] = 

Z 

d[h, x] + [h, dx + -[x, x}] = d[h, x] = didh + [x, h]). 

Z 
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Moreover, we observe that Stab A (x) is a subgroup of exp(L° ® A) 
and that for any a G L° (g) A 

e a Stab A (x)e~ a = Stab A (y), with y = e a * x. 

1.3.5. Deformation functor associated with a DGLA. 

Definition 1.3.30. The deformation functor associated with a dif- 
ferential graded Lie algebra L is: 

Dcf L : Art — ► Set, 

MC L 



Def L (A) = 



exp (L° <S> itia) 

In this case too a morphism of DGLAs : L — > M induces a 
morphism of the associated functors (f> : Def^ — ► DeiM- 

The name deformation functor is justified by the following propo- 
sition. 

Proposition 1.3.31. Defj, is a deformation funcotr, i.e., it satisfies 
the conditions of Definition 1. 1.10. 

Proof. If A = K, then it is clear that Def L (5 x C) = Bef L (B) x 
Defi(C) and so condition ii) of Definition 1. 1.10 is satisfied. 

Next, let (3 : B — > A and 7 : C — > A be morphisms in Art 
with (3 surjective. Let (l,m) G Dei L (B) x^f^) Def L (C) and I G 
MCl(B) and m G MC l(C) be liftings of / and m, respectively, such 
that (3(1) = 7(771) G Def^(A). Therefore, there exists a G L° <g> m A 
such that e a * (3(1) = 7(771). Let b G L° <g> 77173 be a lifting of a. By 
replacing / with its gauge equivalent element /' = e b * I we can suppose 
(3(1') = 7(771) in MC L (A). By Remark 1.3.22, MC L is homogeneous and 
so there exists n G MC L (B x A C) that lifts (l',fh). This implies that 

Dd L (B x A C) — Def L (S) x Dcfi(A) Def L (C) 

is surjective. Hence condition 7) of Definition 1. 1.10 also holds. 

□ 



Remark 1.3.32. By definition, the tangent space of Def^ is: 
_ „ . p G L 1 <g) Ke I drr = 0} 

i/'(L). 

In general, if L <g> is abelian then Defx(A) = H\L) <S> m A . 

LEMMA 1.3.33. The projection n : MC^ — ► Def^ is a smooth 
morphism of functors. 
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Proof. Let (3 : B — > A be a surjection in Art; we prove that 
MC L (B) — > Deh(B) x Def L (A) MC L (A), 

induced by 

MC L (fl)-^MC £ (A) 



Def L (B)^Dei L (A), 

is surjective. 

Let (b, a) e Def L (B) x Dc1l(A) MC l (A) and b E MC L (B) be a lifting 
of 6. Then (3(b) and a have a common image in Def/,(A) and so (3(b) = 
e* * a, for some t E L° ® tua- 

Let s G L°® ma be a lifting of t and define b' = e~ s * b E MCx(.B). 
Then = e~ l * (3(b) = a and b' lifts 6. □ 

Therefore, by Corollary 1.1.35, rr induces an isomorphism between 
universal obstruction theories. 

In conclusion, Lemma 1.3.24 implies that H 2 (L) is a complete ob- 
struction space of Deft,. 

THEOREM 1.3.34. Let <p : L — > M be a morphism of DGLAs and 
denote by 

IP(<j>) : H\L) — ► H\M) 
the induced maps in cohomology. 

i) If H l ((p) is surjective (resp. bijective) and H 2 ((j)) infective, 
then the morphism Deft, — > DefM is smooth (resp. Stale). 

ii) If in addition to i) H°((f)) is surjective, then the morphism 
Deft, — > DefM is an isomorphism. 

Proof, i) follows from Proposition 1.1.31 (resp. Corollary 1.1.32). 
For a proof of ii) see [20, Theorem 3.1] (it also follows from the inverse 
function Theorem III. 2. 14 on the extended case). □ 

Corollary 1.3.35. Let L — > M be a quasi-isomorphism of DGLAs. 
Then the induced morphism Def^ — ► Defju is an isomorphism. 

Corollary 1.3.36. If H°(L) = 0, then Def L is homogenous. 

Proof. Let iV be the DGLA introduced in Example 1.3.12. Then 
the natural inclusion N — ► L gives isomorphisms H l (N) — > H l (L) 
for each i > 1. Since H°(L) = 0, H°(N) — ► H°(L) is surjective. 
Therefore, Theorem 1.3.34 ii) implies that Def^ — >■ Deft, is an iso- 
morphism, with Def^ = MCat homogeneous. 

□ 
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Remark 1.3.37. Let F : Art — >■ Set be the functor of the in- 
finitesimal deformations of some algebro-geometric object defined over 
K. 

Then the guiding principle of Kontsevich (see [18]) affirms the ex- 
istence of a DGLA L such that F = Def^. In spite of Corollary 1.3.35, 
it is clear that this DGLA is defined only up to quasi-isomorphism. In 
this case we say that L controls the deformation functor F. 

In Section II. 7 we will prove the existence of a DGLA that con- 
trols the infinitesimal deformations of X (Theorem II. 7. 3) and in Sec- 
tion IV.2 the existence of a DGLA that controls the infinitesimal de- 
formations of a holomorphic map / (Theorem IV. 2. 6). 



CHAPTER II 



Deformation of complex manifolds 

In the first part of this chapter we fix notation and recall some 
known facts about complex manifolds that will be useful in the sequel. 

Therefore, any book on complex varieties is a good reference for 
this chapter (for example [11], [23], [33], etc.). 

In particular, we wish to recall the Cech cohomology and Leray's 
theorem (Section II. 3.1) and some properties of Kahler manifolds (Sec- 
tion II. 2). We also study the maps /* and /* induced by a holomorphic 
map / (Section II. 6). 

Moreover, we give the fundamental definition of the Kodaira- Spencer 
differential graded Lie algebra KSx associated with a compact com- 
plex manifold X (Definition II.4.1), of the contraction map i and of 
the holomorphic Lie derivative I (Section II. 5 ). 

In the second part (Section II. 7) we prove that the functor Defx of 
the infinitesimal deformations of a compact complex manifold X (see 
Definition 1.2.4) is isomorphic to the deformation functor Def^s x asso- 
ciated with the Kodaira-Spencer algebra KS X of X (Theorem II. 7. 3). 

THEOREM. Let X be a complex compact manifold and KSx its 
Kodaira-Spencer algebra. Then there exists an isomorphism of functors 

Defxsx — * Def x • 

Therefore, in spite of Remark 1.3.37 we can say that the differential 
graded Lie algebra of Kodaira-Spencer KSx controls the infinitesimal 
deformations of a complex compact manifold X. 

This theorem is well known and a proof based on the theorem of 
Newlander-Nirenberg can be found in [4], [10] or more recently in [23]. 
Here we are interested in a simpler proof that avoids the use of this 
theorem. 



Note that in this chapter we will work over the complex numbers 
and so K = C. 

We also assume that every variety X is smooth (complex), compact, 
and connected. 
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II. 1. Differential forms 

Let X be such a manifold of dimension n and Tx,c — T x ° © T x l 
its complex tangent bundle, with T x ° =: & x the holomorphic tangent 

bundle and T^' 1 = T x °. 

This decomposition induces a dual decomposition on the sheaf of 
differentiable forms 

A x — A x ® A x i 
with A x ° the sheaf of complex differentiable forms of type (1,0). If 
Zi, . . . , z n are local holomorphic coordinates on X, then A x is gen- 
erated by the dzf each a G A x has the form a = J^ajdzj, with 
a, G ^4^° for any i 

In general, a (p, g)-form a can be locally written as a = J2k j a K,jdzx/\ 

dzj with (Xk,j G = (1 ^ ^i < ^2 < ■ • • < k p < n) a multi- 

index of length p and J = (1 < < j 2 < ■ • ■ < j g < n) a multi- 
index of length q, such that cb^ = dz^ A g^ 2 A • • • A rf^ p and dzj = 
dzj! A dzj 2 A • • • A <£zj 9 . 

If a — f G ^4x°' then 




with 9/ G and Of G 

In general, for a = J2k j a K,jdz K A dzj G A p x q , we have 

da = dax,j A ckx A rfzj = 9a + 9a, 

K,J 

with 

9a = da IyJ A rfzx A rfzj G „4 P+1 ' 9 

and 

9a = ^da/,j A d** A dzj G „4 P ' 9+1 . 

Obviously, since d 2 = we have d 2 = d = dd + dd = 0. 

Proposition II. 1.1. Let a &e a /orm o/ type (p,q), with q > 0, 
such that da = 0. Then there exists, locally on X , a form [3 of type 
(j), q — 1) such that df3 = a. 

Proof. See [33, Proposition 2.31]. □ 

Definition II. 1.2. (A* x , A) is the sheaf of graded algebras of differ- 
ential forms of X, i.e., if A^'^ is the sheaf of differentiable (p, q , )-forms 
then 

^:=0^x, with * X =@A*£. 

i p+q=i 
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We use the notation A p x = T(X, A p x q ) for the vector space of global 
sections of A x 9 . 

Definition II. 1.3. Der*(A* x ) is the sheaf of C-linear derivations 
on A*x*] more precisely, if Der a ' b (A* x ) are the derivations of bi-degree 
(a, b) then 

Der*(A* x *) :=0 Der^{A^). 

k a+b=k 

We note that d and d are global sections of Der 1 '°(A* x ) and Der°' 1 (A* x ), 
respectively. 

Remark II. 1.4. Der*(A* x *) is a sheaf of differential graded Lie al- 
gebras with bracket and differential given by the following formulas: 

lf,9] ■= f O g - (-l)*"^ d ^)gof 

and 

d(f) := [9 + 9,/] = 9/ + 9/-(-l) dc ^)(/9 + /9). 

In particular, fixing p — 0, (.A^*' A) ^ s a sheaf of graded algebras 
and Der*(A x *,A°/) := 0£er p (^*,^*) is a sheaf of DGLAs (in 

p 

this case the differential reduces to d(f) = [d, f] = df — (— l) dcg( -^ fd). 

II. 2. Kahler manifolds 

This section is devoted to the compact Kahler manifolds. For def- 
initions and properties of Kahler manifolds see for example [11], [23] 
or [33]. 

We include this section just to prove an important application 
(Lemma II. 2. 2) of the <9<9-Lemma (Lemma II. 2.1) that will be fun- 
damental in the obstruction calculus of the last chapter of this thesis 
(Theorem V.1.4). 

LEMMA II. 2.1 (<9<9-Lemma) . Let X be a compact Kalher manifold 
and consider the operators d and d on A x . Then 

Im dd = ker d n Im d = ker d n Im d. 

Proof. See for example [23, Theorem 6.37] and [33, Proposi- 
tion 6.17]. 

□ 

Let / : X — > Y be a holomorphic map of compact complex man- 
ifolds. Let r C X x Y be the graph of / and p : X x Y — >■ X and 
q : X xY — > Y be the natural projections. 

LEMMA II. 2. 2. If X and Y are compact Kahler, then the sub- 
complexes Im(d) = dA X y.Y, dA r , dA Xx Y H q*A Y and dA XxY ^P*A X 
are acyclic. 
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Proof. By hypothesis, X x Y is Kahler. Then applying the dd- 
Lemma II. 2.1 to A Xx y we get 

ker(<9) fl Im(<9) = lm(dd) 

and so H^(d(A XxY )) = 0. T C X x Y is also Kahler and so the same 
conclusion holds for dA r : dA r is acyclic. 

Analogously since Y is Kahler dA Y and q*dA Y are acyclic. There- 
fore, to prove that dA XxY H g*Ay is acyclic it suffices to prove that 
dA XxY n = q*dA Y . 

The inclusion D is obvious. Let p G q*A Y HdA XxY , then p = q*<p = 
dz with G Ay and z G Ax x y- The map g* : Hg(A Y ) — > Hq(A XxY ) 
is injective. Therefore, dp = q*d<p = ddz = and so is <9-closed 
(0 G Hq(A y ))\ moreover, q*[(/>] = [dz] = 0. Thus is 9-exact, that is, 
= dt with t e A Y . This implies p = q*dt e q*dA Y . 

The case dA XxY H can be proved in the same way. □ 

Remark II. 2. 3. In the previous lemma the Kahler hypothesis on 
X and F can be substituted by the validity of the <9<9-lemma in A X ,A Y , 
Ax x y and Ay. 



II. 3. Holomorphic fiber bundle and Dolbeault's cohomology 

Let E be a holomorphic fiber bundle on X. Then the d operator 
can be extended to the Dolbeault operator 

d E :A x q (E)^A x q+1 (E). 

If ei, . . . , e n is a local frame for then 

d E (^2(f)iei) = ^2d((f))ei. 

i i 

Since E is a holomorphic fiber bundle, this definition does not depend 
on the choice of the local frame. By definition, d E satisfies the property 
d E = 0. 

Let A x q (E) = T(X, A x q (E)) be the vector space of global sections 
of the sheaf A P X (E). Then we can consider, for each p > 0, the follow- 
ing complex: 

Af{E) ^Af(E)^---^ A P X \E) ^ • • • . 

The cohomology of this complex is Dolbeault's cohomology if|'*(X, E) 

of E. We note that, for p = 0, ker(d E : A° X (E) — ► A° X \E)) coincides 
with the holomorphic sections of E and 

H* (X F) - H^(X F) - ^(d E :A x \E)^A x ^\E)) 
B 9e lm(d E :A x «-\E)^A x \E)) 
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Proposition II. 3.1. Let a be a differential form with coefficients 
in E of type (0, q) with q > 0. If BeOl = 0, then there exists, locally on 
X, a differential form (3 of type (0, q — 1), with coefficients in E, such 
that OeI3 = a. 

Proof. See [33, Proposition 2.36]. □ 

II.3.1. Cech cohomology and Leray's theorem. We follow 
[23, Section 1.3]. 

Let E be a holomorphic bundle on the complex manifold X. Let 
U = {Ui}i e i be a locally finite open covering of X and denote Ui ...i k = 

u io n---nu ik .^ 

Define the Cech (/-chains of E: 
C k (U,E) = {f io ... ik | fi -i k ■ U io ... ik — > E is a holomorphic section} 
and the Cech differential 

5 : C k {U,E) — ► C k+1 {U,E), 

k+l 

($f)io-ik+i = fin-u-ih+i ■ 

3=0 

A simple calculation shows that a 2 = and so we can define the C- 
vector space of Cech cohomology 

&k = ker(5:C k (U,E)^C k +\U,E) 

1 ' ' \m(5:C k - l {U,E)^C k {U,E) 

Next, define a morphism 9 : H k (U, E) — ► H^' k (X, E). 

Let ti : X — > C, with i G /, be a partition of unity subordinate to 
the cover U, that is, suppiti) C YLi^i = 1 an< ^ Yli^i = 0- 
For each / e C k (U,E) and i e I we define 

Uf) = E fm -A A • • -Adt jk E Y{U u A^ k {E)) 

31— 3 k 

and then 

( j ) (f) = J2uMf)er(x,A°> k (E))- 

i 

It can be proved that is a well defined morphism of complexes that 
induces a morphism 9 in cohomology (for details see [23, Proposi- 
tion 1.22]). 

Theorem II. 3. 2. LetU = {Ui}^ be a locally finite countable open 
covering of a complex manifold X and E a holomorphic vector bundle. 



If Hq 9 (Ui ...i q , E) = for every q < k and io ■ ■ -ik, then the morphism 
9 is an isomorphism 

9:H k (U,E)^H k E (X,E). 
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PROOF. See [23, Theorem 1.24] or [33, Theorem 4.41]. □ 

Remark II. 3. 3. If the open sets C/j of the cover IA are biholomor- 
phic to open convex subsets of C n then U satisfies the hypothesis of 
Theorem II.3.2. 

Remark II. 3. 4. It is convenient to give an explicit description of 
the inverse map of 9, at least for k = 2: 

0- 1 :H§ e (X,E)^H 2 (U,E). 

Let h G i^J (X, E). By applying Proposition II. 3.1 for each i G /, 
there exists Tj G T(Ui, A 0,1 (E)) such that hp. = dr^ 

Define = (Tj —Tj)\u i:j G F(Uij,A 0,1 (E)). Uij is enclosed; actually, 

day = (dri - dTj)\ Vij = h\ V .. - h\ V .. = 0. 
Therefore, for each Uij there exists pij G T(Uij,A 0,0 (E)), such that 

We observe that (<Tj k — a ik + crij)\u ijk — 0; indeed, 

(cTjk - O ik + <Tij)\U ijk = 

i( T j - n) - (n - n) + (n - Tj))\u.. k = o. 

Define a ijk = (p jk - p ik + Pij)\u ijk G r(C/ ijfe , ^4°' (£)). First of all, 
we have that da^ k = 0; actually, 

da ijk = (dp jk - dp ik + dpa)\u ijk = (cr jk ~ cr ik + (Jij)\u ijk = 

This implies that a^k G T(Uij k , E). 
Moreover, (Sa)ij k i = 0; indeed, 

(Sa)ij k i = (aijki — oiiki + oiiji — aijk)\u i3kl = 

( (Pki -pji+Pjk)- (pm -pu +Pik ) + (pji -pu +Pij)- (pjk -pik +Pij ))\u ijkl = Q- 

This implies that a G H 2 (X,E). 

a is independent of the choices of the lifitngs Tj. Actually, if we 
choose Tj, such that h\u i = dTi, then Tj = t + dU and this change does 
not affect the choice of aij k . 

If we choose p^ G T(Uij, A 0,0 (E)) such that dj)^ = a^, then = 
Pij + Sij, with Sij G r(C/jj, A°'°(E)) such that 9sjj = 0. This implies 
that G T(Uij, E). Therefore, {a ijk } = {a ijk } + {<5(sij)} and so a ijk 
and Ojjfc represent the same class in cohomology. 

In conclusion, we have defined a map 

$:H§ e (X,E)^H 2 (U,E), 

[h] [a]. 

Finally, it can be proved that this map is the inverse of 9 (for 
details see [23, Theorem 1.24] or [33, Theorem 4.41]). 
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II. 4. The Kodaira-Spencer algebra KS X 

Definition II.4.1. Let Q x be the holomorphic tangent bundle of 
a complex manifold X. The Kodaira-Spencer (differential graded Lie) 
algebra of X is 

ks x = 0r(i,^(e x )) = 04'(e x ). 

i i 

In particular, KS X is the vector space of the global sections of the 
sheaf of germs of the differential (0,i)-forms with coefficients in Q x . 

The differential d on KSx is the opposite of Dolbeault's differential, 
whereas the bracket is defined in local coordinates as the Q -bilinear 
extension of the standard bracket on A X °(Q X ) (fi* = ker(<9 : A° x * — > 
A x *) is the sheaf of antiholomorphic differential forms). 

Explicitly, if z±, . . . , z n are local holomorphic coordinates on X, we 
have 

d{fdz I —) = -d{f)Adz I —. 

, , d ,_ d ,_ . . „dg d df d . . ,_ w . , 00 
[/— dz u g— dzj\ = (/^-^ 9^-^-) aziAazj, V f,g E A x , 

UZi OZj OZi OZj OZj OZi 



(A X *(T X ) is a sheaf of DGLAs). 

We note that by Dolbeault theorem we have /P(A^*(e x )) = H*(X, G x ) 
for all i, then 



mK a > Mg ■ j^(gx) ^° + '(9^)) ^ 



In Theorem II. 7. 3, we will prove that the DGLA KS X controls the 
infinitesimal deformations of X. 

II. 5. Contraction map and holomorphic Lie derivative 

In general, for any vector space V and linear functional a : V — >■ C, 
we can define the contraction operator 

k k-1 

<*-> : /\V ^ /\V, 

k 

« j (fx A ... A v k ) = ^(-l) i_1 o;(^)(wi A ... A Ui A ... A v k ), 



i=i 

k 



that is a derivation of degree —1 of the graded algebra (/\ V, A). 

Then considering the contraction j of the differential forms with 
vector fields we can define two injective morphisms of sheaves: 
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- the contraction map 

i:A° x *(e x )^Der*(A* x *)[-l], 
a i — > i a with i a (cu) = a_iu 

- the holomorphic Lie derivative 

l:A° x *(e x )^Der*(A x *), 

a i — >l a =[d,i a ] with l a (to) = d(aju) + (-l) dcg(a) aj&<; 

for each a G A° x *(Qx) an d OJ G A* x . 

LEMMA II. 5.1. With the notation above, for every a, b G A° x *(Qx) 
we have 



-[d,i a ] 



■[a,b] 



[i a , [d,i b }} = [[i a ,d],i b ] 



0. 



Proof. See [22, Lemma 2.1]. Let zi, z 2 , . . . , z n be local holomor- 

d 

phic coordinates on X. By linearity, we can assume that a = fdzj—— 

OZ{ 

d 

and b = gdzj— (i ^ j), with f,ge A x °. 
j 

All the expressions vanish on A° x and A* x * is generated as C-algebra 
by A° x © A° x © A x . Therefore, it is sufficient to verify the equalities 
on the dz h (that generate A x °) • 

Moreover, we note that ddz h = ddz h = i a i b dz h = i b i a dz h = 0. 
Therefore, [i a , %] = and the other equalities follow from the easy 
calculations below. 

d 

Let io = dzh and d(a) = —d(f) A dzi——. Then 

azi 



ida(d z h) = da_>dz h 



h^i, 
-d(f) Adzi h = i. 



On the other hand, 
-\d,i a ](u) = 



= (-di a + 
d(a_idz h ) ■ 



\a-l 



i a d){dz h ) = -di a {dz h ) 



Then the first equality holds. 

As to i[ a ,b], we have 

dg d 



[a, b] = (f 



dzi dzj 



// / /. 

-d(fdzi) h — i. 



9/^ H _ 

9TT~ ) dz i Adz J 
OZj OZi 



and then 



i[a,b](dz h ) 



h^i,j, 
f — dziNdzj h = j, 

— a- — dzrAdzr n = i. 
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On the other hand, 

[i a , [d, i b \] = [i a , di b - (-lf^hd] = 
i a di b - (-if-%i b d - (-i)^\di b i a - (-if-H b di a ). 

Then 

[t , [d,i b ]](dz h ) = i a di b (dz h ) - (-lf b i b di a (dz h ) = 
h^ij, 

Qg _ _ 

i a di b {dzj) = f—dzj Adzj h = j, 

OZi 

-{-\f\diaidZi) = -(-ifg^-dzj Ndz 1 h = I. 

□ 

The previous set of equalities is referred to as Cartan formulas. 

Definition II. 5. 2. Let L and M be two differential graded Lie alge- 
bras and let d! be the differential on the graded vector space Hom*(L, M). 
A linear map i G Hom _1 (L, M) is called a Cartan homotopy if 

i([a,b}) = [i(a], d'i(b)] and [i(a),i(b)} = Va, b e L. 

We recall that, by definition (see Example 1.3.3), we have 

d'i(a) = d M (i(a)) +i(d L (a)). 

Corollary II.5.3. i is a Cartan homotopy and the Lie derivative 
I is a raorphisra of sheaves of DGLAs. 

Proof. Using Cartan formulas we get d'(i b ) = [d,i b ] + — [d + 
d,i b ] - [d,i b ] = [d,i b ]. Then i [0j6 ] = [i a , [d,i b ]] = [i a ,d'(i b )]. Moreover, 
by Lemma II. 5.1, [i a , i b ] = and so * is a Cartan homotopy. 

As to Z, we have 

ha= [d,ida] = -[d,\B,i a ]]. 

Moreover, 

-[d, [d,i a \] = -[d,di a - (-i) dc ^H a d] = 
-ddi a + (-l) dcs ^di a d - (-l) dce ^di a d + i a dd. 

Therefore, 

[d,l a ] = [d + d,l a ] = [d,l a ] + [d,l a } = 
= [d, [d,i a ]] + [d, [d,i a ]] = -[d,[d,i a ]]=h a . 
As to the equality Z[ 0j 6] = [l a , l b ], we can prove it as follows 

l[a,b] = [d,i[ a ,b]\ = [ d , [*a, [d,ib]}} = 

d[i a ,[d,i b ]]-(-lf- l+ ~ b [i a ,[d,h]]d = 

d(i a [d, i b ]-(-l)^[d, i b ]i a )-(-lf-^\i a [d, i 6 ]-(-l)(5-l)5[ 9> i b ] ia )d : 

di a [d,i b ] - (-l f[d,i b ]di a - {-if-HadidM - (-lf +TfE [d,i b ]i a d = 
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(di a - (-if-H a d)[d,i b } - (-i f[d,i b ](di a + {-ifi a d) = 
[d,i a }[d,i b } - (-if[d,i b ][d,i a ] = [[d,i a ], [d,i b ]] = [i a ,i b \. 

□ 

In particular, we have an injective morphism of sheaves 
I : A X *(Q X ) ^ Der*(A° x *,A x *) 

(4) a^l a with l a {uj) = (-l) dcg ^aj^. 

Explicitly, in local holomorphic coordinates z\, Z2, ■ ■ ■ , z n , if a = 

d 

g dzj—— and uj = fdzj, then 
dzi 

l a (oj) = (-l) de ^^gdz I Adz J . 

Using I, for each (A, m^) G Art, we can define the following mor- 
phism: 

I : A X *(Q X ) ® A — > Der*{A° x * ® A, A° x * ® A). 

In particular, for each solution of the Maurer-Cartan equation in KS X 
we have the fundamental lemma below. 

Lemma II.5.4. x e MC KSx (A) if and only if 

d + l x : A° x * ® A — > A° x * +1 ® A 

is a differential of degree 1 on A° x * ® A. 

Proof. Since I is a morphism of DGLAs, we have 

(d + l x f = dl x + l x 8 + l 2 x = [d, l x \ + ^[l x , Q = l{dx + ^[x,x]). 

□ 

Moreover, using /, we can also define, for any (A, m^) G Art and 
a G A X °(Q X ) ® rriAi an automorphism e a of A° x * ® A: 

00 in 

(5) e a :^®A^^*®A, e a (/) = ^^(/). 

n=0 

Lemma II. 5. 5. For every local Artinian C-algebra (A,m^), a G 

(6) e a o(d + l x )oe~ a = d + e a *l x : <g> A — > A° x ® A, 

where * is the gauge action (and e a * l x G A° x 1 (& x ) ® rn^ acts on 
A x ® A as defined in (4))- In particular, 

ker(d+e a *l x : A° X °®A — ► A x l ®A) = e a (ker(d+l x : A° X °®A — > A°£®A)). 
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Proof. It follows from the definition of gauge action. More pre- 
cisely, since e a o e b o e~ a = e^(b), we have 

e a o (d + l x ) o e~ a = e [a ' ] '(d + l x ) = 

n=0 n=l 
n=0 ^ ' n=0 ^ ' 

d + l x + Y J T^^^ a M-da)=d + e a *l x . 

n=0 ^ 

□ 



Remark II. 5. 6. Let 0j be an automorphism of the A-module A 



o,* 



A whose specialization to the residue field C is the identity. Let <f> = 
Ylii^i = id + f] with i] G Rom°(A x * , A° x *) <E> to^. Since we are in 
characteristic zero, we can take the logarithm so that = e a with 
aeRom°(A x *,A x *)®m A 

II. 5.1. The DGLA of a submanifold. Let X be a complex 
manifold and % : X <^-> Y be the inclusion of a submanifold X. Let 
i* : A° x * — > Ay* be the restriction morphism (of sheaves of DGLAs). 
Finally, denote by Oy the holomorphic tangent bundle of Y and by 
N x \y the normal bundle of X in Y. Define the sheaf £ = ®iC n such 
that 

— C! — -4°y*(6y) — ^*(iV X |y) — 0. 

Let 2i, . . . , z n be holomorphic coordinates on V such that FdX- 

™ .9 

{.Zt+i = • • • = z n — 0}. Then i] G if and only if r] — ^Wj- — , with 

cjj G ^.y* such that ujj G ker i* for j > £. In particular, C'° is the sheaf 
of differentiable vector fields on Y that are tangent to X. 

Lemma II. 5. 7. C is a sheaf of differential graded Lie subalgebras of 
A^*(Qy) such that l a {keri*) C keri* if and only if a G £ C A^*{Q Y )- 

Proof. See [24, Section 5]. It is an easy calculation in local holo- 
morphic coordinates. 

□ 

Moreover, consider the automorphism e a of A° x * <E> A defined in (5): 
if a G C'° <g) m A then e a (ker(i*) <g> A) = ker(i*) ® A. 
Let L' be the DGLA of the global sections of 

— > L' — > A°/(e Y ) -HU A° x *(N xlY ) — > 0. 

In the literature, the notation L' = Ay*(Q Y (—log X)) can also be 
found. 
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In Section V.4 we will prove that L' controls the embedded defor- 
mations of the inclusion i : X Y (Corollary V.4.1). 

II. 6. Induced maps /* and /* by a holomorphic map / 

This section is devoted to the study of the maps /* and /* in- 
duced by a holomorphic map /. In particular, we prove a property 
of these maps (Lemma II. 6.1) that will be used in the last chapter 
(Section V.1.2). 

Let / : X — > Y be a holomorphic map of compact complex mani- 
folds. 

Let U = {Ui}i e i and V = {Vi}i e i be finite Stein open covers of X 
and Y, respectively, such that f(Ui) C Vi (Ui is allowed to be empty). 
Then / induces morphisms 

r:C p (v,e Y )^c p (u,re Y ), 

and 

Explicitly, for each i £ I and local holomorphic coordinate systems 
z = (zi, z 2 , ■ ■ ■ , z n ) on Ui and w = (wi,w 2 , ■ ■ ■ w m ) on V* such that 
f(z u z 2 ,..., Zn) = (fi(z), . . . , f m (z)), we have 

/* :T(V l ,Q Y )^T(U t ,f*Q Y ), 



and 



dvjj ^-r 1 dwj 



f*:T(u l ,e x )^r(u l ,re Y ), 

9 ^-X-u ,^fi(z) 9 



dz k ^ dz k dwj' 

k k,j J 

Moreover, /* and /* commute with the Cech differential and they 
do not depend on the choice of the cover. Therefore, we get linear maps 
in cohomology : 

r-.HP(Y,e Y )^HP(x,re Y ) 

and 

/* : H*(X,e x ) ^ H*(X,f*e Y ). 

Analogously, / induces morphisms 

/* : A™(G Y ) — A™{f*Q Y ) 

and 

U-.A x %Q x )^A x \re Y ). 

Let U and V be Stein covers and z = (z±, z 2 , ■ ■ ■ , z n ) on Ui and w = 
(wi,w 2 , . . .w rn ) on Vi local holomorphic coordinate systems as above. 
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Let K = (1 < ki < k 2 < ■ ■ ■ < k p < n) be a multi-index of length p 
and J = (1 < ji < j2 < • • • < j q < n) a multi-index of length q. Then 

f,:A^(U i: e x )^A p /(U i J*e Y ) 
/* (h{z)dz K A dzj-^j = h(z)dz K A tfej Yl df dz^ dw 1 



and 



fUH^A^'l =g(f(z))df K Adfj 



where 



and 



h=i 



/i=i 



dz h 



dz h 



dz h 



h=l h=l 

We note that /* and /* commute with d and <9. 
Moreover, for each k, there exist the following commutative dia- 
grams 



and 



C'(V,6y)- 

/* 

c«(uj*e Y ) 

&(U,G X )- 

f* 

c«(uj*e Y ) 



r 

~A°/(rQ Y ) 



-+A°/(re Y ), 

where is the map defined in Section II. 3.1. Therefore, = 0/* and 

F<f> = 0/*- 

Lemma II.6.1. Lei / : X — > Y be a holomorphic map of complex 
manifolds. Let \ £ A Y *(Q Y ) and 7] G A° X (Q X ) such that f*x = f*V G 
^*(/*O y ). T/ien /or any 00 G ^* 

Proof. Let W = {Ui} ie i and V = {Vi} ieI be finite open Stein 
covers of X and F, respectively, as above. For each % G /, let z be 
local holomorphic coordinate systems on Ui and u> on V* such that 

/W = (/iW,-,W- 
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Let 



i=i % 



and 

m 8 
Ay r (Q Y ) 3 X = y^ j ^Ph(w)dw H 



dwh 

h=l 

with I — (1 < % x < i 2 < • • ■ < % r < n) and H — (1 < h\ < h 2 < • ■ • < 
h r < n) multi-indexes of length r. 
Therefore, 

™ m Of 8 rn / n 8f \ 8 

i=l h=l * ft h=l \i=l i j n 

and 

m 8 

rx = J2Mm)df H ^ rh 

h=l 

By hypothesis, f* X = fa G -4*(/*e y ), then 

(7) ip h {f{z))8f H = hiiz^dz!, V h = 1, . . . , m. 

i=i °^ 

Next, let 

«4 p,9 (Vj) 9 = dw K A <iW/, 
with K = (1 < ki < k 2 < ■ ■ ■ < k p < n) a multi-index of length p and 
J — (1 < ji < J2 < • • • < jq < n) a multi-index of length g. Then 

f*u; = g(f(z))df K Adfj 

and 

XJW = ^ (p h (w)g(w) dw H A jdu^J A rfWj = 

p 

^(-l)' l ~V^(^)5'(w) d^ff A dw K -{k h } A dtuj, 

with dw K _ {kh} = dw kl A ... A dw kh A ... A du? fcp . 
Therefore, 

/'(xjo;) = X>1)^W/WM/W)^ A 8fK-{k h } A 9/j 
and using (7) we get 

h=l \i=l 1 J 

On the other hand, 

T]jf*U = 
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n 





£/w(*0<K/(*))d*/A £(-1) 



i=l \h=l 



□ 



II. 7. Deformations of complex manifolds 



In this section we prove that the infinitesimal deformations of a 
compact complex manifold X are controlled by the differential graded 
Lie algebra of Kodair a- Spencer KS X , i.e., Def^ 5x = Defx- 

We start with some lemmas and we postpone the proof to Sec- 
tion II. 7.1, where we also give an explicit description of the isomor- 
phism (see Theorem II. 7.3). 

Lemma II. 7.1. Let A G Art and x G MC KSx {A), then there exists 
a cover U = {Ui} of X, such that x\u i ~ for each i. 

Proof. By Proposition II. 3.1, there exists a cover U = {Ui} such 
that H 1 ^, G x ) = for all i. Moreover, by Remark 1.3.32, ^(X, Q x ) 
is the tangent space of the deformation functor Defxs x - Therefore, by 
Corollary 1.1.21, Dei KSx is locally trivial and so any x G MCks x {A) 
is locally gauge equivalent to zero. 



Let x G MC KSx (A). Explicitly, in local holomorphic coordinates 



We also proved that for each x G MCks x {A) 

d + l x : A° x * <g> A — > A° x * +1 <g> A 

is a differential (Lemma II. 5. 4). 

Define O a (x) as the kernel of d + l x : A° x ® A — > A x l ® A. Then 
we have the complex 



— > — > -4<W ^ ^J 1 ® A ^ • • • ^ A — > 0. 



□ 



In Section II. 4 we defined a morphism of sheaves 



I : A° X *(6 X ) ® A — > L>er*(„4x ® A, ^* <g) A), 
a i— > Z a with f a (w) = (-l) dcg(a) aj&J. 
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In Section II. 4 we also denned, for each s G A° x (&x) ® rriA, an auto- 
morphism e s of A° x * <S> A. 

Lemma II. 7. 2. Let F,G : Art — ► Set be the following functors 

F(A) := {isomorphisms of complexes e s : (A X *®A, d+l x ) — > (A X *®A, d+l y ) 

with s G A° x (&x) <8> tua that specialize to identity} 
G(A) := {isomorphisms of sheaves of A-module ip : Oa(x) — > Oa{v) 

that specialize to identity}. 
Then the restriction morphism <fi : F — > G is surjective. 

Proof. We proceed by induction on d = dim^A. 

If A = C, then G(C) = { identity} and so it can be lifted. 

Assume that d > 2 and let 

— > J — > B A — >0 

be a small extension; by induction, each element in G(A) can be lifted 
to F(A). 

Let vp be an isomorphism between Ob{x) and Osiy) £ G(B)); we 
want to lift it to an isomorphism e s . 

a(x) and a(y) are in MCks x {A) and ip induces an isomorphism of 
sheaves of A-modules ip : Oa{oc{x)) — > OA{oc{y)). Therefore, by the 
induction hypothesis we can lift ip to an isomorphism of complexes e s , 
i.e., e s 1 o (9 + i a ( x )) o e s = d + with s G -4^°(6x) <8 m A . 

Then we can suppose that a(x) = a(y) G A°' 1 (Q X ) ® m A and that 
e s is the identity. 

This implies the existence of an element p G A x l {®x) ® J such that 
x = y + p. Since x and y satisfy the Maurer-Cartan equation, dp — 0. 
Indeed 

= cfe + -[x, x] = d(y + p) + hy + p, y + p] = dy + dp + ^[y, y] = dp. 

Therefore, by Proposition II. 3.1, there exists a Stein cover U = {£/j}j e j 
of X such that p is locally <9-exact, i.e., for each i E I there exists 
U G A x °(& x ) <E> ^ such that = p\ Vi . Then 

y|i/i = (x - p)\ Vi = x\ V . - dtt = e u *x ]Uv 

where we use the fact that J ■ m B = as in Example 1.3.28. 

In particular, by Lemma II. 5. 5, e u : (A°'*(Ui) ® B,d + l x ) — > 
(A°'*(Ui) ® B,d + ly) is an isomorphism of complexes, that lifts the 
isomorphism e u : OB{x){Ui) — ► C?s(y)(C/j). We note that e*' restricts 
to the identity on OA{x)(Ui). 

On the other hand, by Lemma II. 7.1, the Maurer-Cartan element 
x is locally gauge equivalent to zero. Then for each i G / there exists 
cij G ^4 ' (f/j, 6x)®m B such that e **:^ = 0. As before, Lemma II. 5. 5 
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implies that e a < : (A°'*(Ui) ®B,d + l x ) — ► (A°'*(Ui) <g> B, d) is an iso- 
morphism of complexes, that lifts the isomorphism e ai : Os(x)(l7i) — > 
O x {U t )®B. 

Next, consider the isomorphism 

<p Pi : Ox(Ui) ® B — > ® 5 

defined as follows: 

= e a * o e~' 1 o^o e~ ai : 

O x (Ui)®B ^ B (a;)(C/i) ^> B (y)(C/O ^ O b (x)(C/,) ^ OxifJ^B. 

Then, </?|;y. is an automorphism of OxiUA <E> -B that restricts to the 
identity on Ox{Ui) ® A. Therefore, Lemma 1.2.6 implies the existence 
of qi G T(Ui, <dx)®J such that ip\ Ui = e qi . In particular, e ai oe~ u oipp. o 
e -oi _ egi . R emar k 1.2.7, the automorphism e Qi commutes with the 
other automorphisms and so 

M = e u+q \ 

Let Si = U + qi G A°'°(Ui, Ox) <E> J, then e Si = ty\u i and so we have 
locally lifted the isomorphism ip. 

Next, we prove that the automorphisms e Si can be glued together 
to obtain an automorphism e s of A x * <E> A that lifts ip. Consider the 
intersection Uij, then the isomorphisms coincide on 0s(a;)(C/y), i.e., 
e \li l3 = Mi = e \u l3 : °B(x)(U l:j ) — > OsiyXUij). Therefore, the 
isomorphism e Si ~ Sj is the identity on B (x)(Uij). Since the action of 
A x °(e x ) ® m B on A£°(E/ij) <g> £ is faithful on O x {U i3 ) <g> B, it follows 
that (sj - SjOic/^. = 0. 

□ 

II. 7.1. KSx controls the infinitesimal deformations of X. 

This section is devoted to prove that the Kodaira-Spencer algebra of a 
complex manifold X controls the infinitesimal deformations of X. 



Theorem II. 7. 3. Let X be a complex compact manifold and KSx 
its Kodaira-Spencer algebra. Then there exists an isomorphism of func- 
tors 

i : Def KSx — ► Def x , 

defined in the following way: given a local Artinian C-algebra (A, m^) 
and a solution of the Maurer-Cartan equation x G A^^x) <8> m A we 
set 

O a (x) = ker(A° x ° ® A ^ Af <g) A), 



0,0 



and the map Oa(x) — > Ox is induced by the projection A x 
A x °®C = Af. 
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Remark II. 7.4. As observed in Section 1.2.1, a deformation of X 
can be interpreted as a morphism of sheaves of algebras Oa — > Ox 
such that Oa is flat over A and Oa ®a C — > Ox is an isomorphism. 

Consequently, the first part of the following proof consists of show- 
ing the A-flatness of Oa(x) and the existence of an isomorphism Oa(x)<S>a 
C^Ox- 

Proof. For each (A, m A ) e Art and x e MC KSx (A), we have 
defined 



O a (x) 



ker(A°/ 



A^Af 



<8> A). 



First of all, we observe that the projection tc on the residue field 
A/rriA — C induces the following commutative diagram 











A (x) 



O a {x) ® a C ■ 



O, 



A 1 



0,0 



A 



,0,0 



id 



,0,0 

■^7 



A 0,n 



A 



a0,u 



id 



a0,u 
J-\.v 







0. 



Then ir induces the morphism Oa(x) — >■ X - 

Using Lemma II. 7.1, the Maurer-Cartan solution x is locally gauge 
equivalent to zero, therefore, there exist a cover U = {Ui} and elements 
dj G A°'°(Ui, Ox) ® m A such that e ai * xp t = 0, for each i. Thus, by 
Lemma II. 5. 5, e ai o (d + l X{u .) oe~ ai = e ai * (d+Z x ) = d + e at *l X{u . = d 
and so we have the following commutative diagram 



A (x)(Ui 



Af(Ui)®A 



O x (Ui) <g> A ^ A x \Ui) <g> A 



^ A x n (Ui) <g> A 



A x n {Ui)®A- 



where the vertical arrows are isomorphisms. 

This implies that the deformation Oa(x) is locally trivial, i.e., 
A (x)(Ui) O x {Ui) ® A. Since O x {Ui) <g> A is flat over A, A {x){Ui) 
is also A-flat. Since flatness is a local property, Oa(x) is A-flat. 

Using the isomorphism OA{x)(Ui) = OxiUi) ® A we can also con- 
clude that A {x){Ui) ® A C = O x (Ui) and so O a (x) ® A C — > O x is 
an isomorphism. 

Then it is well defined the following morphism of functors of Artin 
rings 

7 : MC KSx — > Def x , 
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such that 

7 (A):MC*s x (A)— >Def x (A) 
x .— > O a {x). 

Next, we prove that the deformations Oa(x) and Oa(v) are isomor- 
phic if and only if x, y G MCks x (A) are gauge equivalent. 

Actually, if Oa{x) = Oa(u), applying Proposition II. 7. 2, we can lift 
this isomorphism to an isomorphism of complexes e s with s G A^lgim^, 
i.e., 

— A (x)^Af®A^ ■■■ ^A x n ®A -0 

— — A X °®A^ ■■■ — 0. 

The commutativity of the diagram and Lemma II. 5. 5 imply that d + 
l y = e~ s o (<9 + l x ) o e s = d + e s * Z x . Therefore, e s * x = y. 

In conclusion, the map 7', induced by 7 on Defx5 x = MCks x I 9 au 9 e -> 
is a well defined injective morphism: 

i : Defxsx ^ Def v • 

To conclude that 7' is an isomorphism we prove that 7' is etale (and 
so 7' is surjective). 

Using Corollary 1.1.32, we need to prove that: 

1) 7' induces a bijective map on the tangent spaces; 

2) 7' induces an injective map on the obstruction spaces. 

As to Defxsxi by Remark 1.3.32, the tangent space is isomorphic 
to H^(X, Qx) and Lemma 1.3.24 implies that the obstructions are nat- 
urally contained in if|(X, 0x). As to Defx, Theorems 1.2.8 and 1.2.9 
show that the tangent space is isomorphic to H l (X, Qx) and the ob- 
structions are naturally contained in H 2 (X, Ox)- 

Then we will prove that the maps induced by 7' coincide with the 
Leray isomorphisms (see Theorem II. 3. 2 and Remark II. 3. 4). 

1 ) Tangent Spaces. Let us prove that the map 7^ induced by 7' on 
the tangent space 

7^:Def^ x (C[ £ ])^Def x (C[ £ ]) 

is the Leray isomorphism. 

By Remark 1.3.32, we have Dei KSx ( C [ £ }) = H\X,Q X )- Pro- 
ceeding as in Remark II. 3. 4, there exists a Stein cover U = {Ui} 
so that we can associate with each x G Dei KSx (C[e]) an element 
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M = = ( a i - a j)\u l] }] G ^(XjQx) <8> Ce, with = da { , 

that does not depend on the choice of Oj. 

Next, let j(x) = Oc[ £ ](x) be the deformation associated with x, i.e., 

— > C [ £ ](x) — > ® C[e] ^ ^ ® C[e] 

As before, the deformation Oc[ £ ](x) is locally trivial; thus, there exists 
hi G A°'°{Ui, ©x) <S> Ce such that e h * x\ Vi = and so 

Oci e ](x)(Ui) O x (Ui) ® C[e]. 

Proceeding as in the proof of Theorem 1.2.8, for all % and j 

ifii := e b ^ : O x (U tJ ) ® C[e] — > Ox(^) ® C[e] 

is an automorphism of the trivial deformation Ox{Uij) <S> C[e] that 
restricts to the identity. 

Applying Lemma 1.2.6, the class [{r^}] = [{(&i-&j)|£/«}] G H\X,G X )® 
Ce is the Check 1-cocycle associated with the deformation ^y' e (x). 

Since e bi * x\u i = 0, dbi = x\jj i = ddi and so 6« = ai + q with 

Ci g r(c/i, e x ) ® Ce. 

Therefore, [r^] = — fy)^}] = [c]- This shows that 7^ coincides 
with the Leray's isomorphism. 

^) Obstruction 
Let 

— > J — > B ^ A — > 

be a small extension. 

First we consider the obstruction class [h] of x G Deixs x - 

Let x G Defft;s x (A), and 5 G KSx 1 <8> m B be a lifting of x. The 

obstruction class associated with x is [h] G H 2 (KS X ) <g> J with 

ft, = 95 + - [x, x] 

and this class does not depend on the choice of the lifting x as it was 
shown in Lemma 1.3.24. 

Proceeding as in Remark II. 3. 4, there exists a Stein cover U = 
{Ui} such that the class = [{p jk - p ik + p^}] G H 2 (X,O x ) <E> 

J is the class associated with h via the Leray's isomorphism, where 
h\ v . = dri and dpij = (r, — Tj)\u t .. In particular, we note that G 

r(f/jj, ^4°'°(©x))_® J- 

Since fy^ = 9rj, x can be locally lifted to a solution of the Maurer- 
Cartan equation , 

Xi = x\ Ui -r i e A 0,1 (C/i, ©x) ® m B . 
Indeed, on [/, we have 

a(x) = a(x) = x 
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and 

dx + -\x, x] = dx — dri + —[x, x] = h\u i — = 0. 

Moreover, e Pij *x~jp,, = Xi\Uij'i more precisely (see Example 1.3.28), 
we have 

^ * W 3\U iS = ePl3 *^~ T j)\U lJ = (-dpij+X-Tj)^ = (x-Ti)\ Vij = Xip... 

As above, x is locally equivalent to zero; therefore, for each % there 
exists a, G A°'°(Ui, <d x ) <8> rn A , such that e ai * x\ Vi = 0. 

Analogously, for each i, there exists 6, G A 0,0 ([/j, 6x) <8> that is 
a lifting of a« such that 

e bl * Xi = 0. 

Next, let 7'(x) = Ca(^) be the deformation of X induced by x. 
As above the deformation is locally trivial and so there exist a cover 
U = {Ui} and a, G ^4°'°(f/i, Tx) ® such that 

0i(x)(^) e = O x (Ui) ® A. 
Let </?jj be the following isomorphism 

^ : Ox(^) <8> A A (x)(U t ,) ^ O x (U tJ ) <g> A. 

Proceeding as in the proof of Theorem 1.2.9, since bi G A°'°(Ui, O x )(8) 
m B are liftings of Oj, y% = e~ bj e Pij e bi G Aut((9x(£^j) ® -B), defined as 

— bj pij b- 

(pa : OxiUij) ®B e -^ OeixMUij) ^ OeixAiU^) ^ O x (U tJ ) ® 5, 

is a lifting of </?jj. 

By Remark 1.2.7, the automorphisms e Pij , e ftfc and e p J fc commute 
with the other automorphisms. Then = (p~jk^Pik~ 1{ Pij = e p3k ~ Pik+Pii 
is an automorphism of the trivial deformation that restricts to the 
identity (^ijk\o x ^ u .. k ^ A = id). Therefore, by Lemma 1.2.6, the element 

[{ttijfc}] = [{Pjk — Pik + Pij}] G H 2 (U, Q x ) (g) J is the obstruction class 
associated with ^'(x). In conclusion, in the obstruction case too, the 
map induced by 7' coincides with the Leray's isomorphism. 

□ 

II. 7. 2. Deformations of a product. As an application of The- 
orem II. 7. 3 we study deformations of a product of compact complex 
manifolds X and Y. The following remark will be used in Section IV.2. 

Remark II. 7. 5. In general, not all the deformations of the product 
1x7 are products of deformations of X and of Y. 

The first example of this fact was given by Kodaira and Spencer 
in their work ([17, pag. 436]) where they provided one of the first 
examples of obstructed varieties. More precisely, they considered the 
product of the projective line and the complex torus of dimension q > 2 
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P 1 x C q / G and proved that it is obstructed though the two manifolds 
are unobstructed. 

A sufficient and necessary condition to have an isomorphism be- 
tween products of deformations and deformations of the product is 
given by the lemma below. 

Lemma II. 7.6. The morphism 

F : Def x x Defy — ► Def Xx y 

is an isomorphism if and only if ^(Ox) © H°(Q Y ) = H l {Oy) © 
H°(Q x ) = 0. 

Proof. By Theorem II. 7.3, it suffices to prove that the morphism 
F : Def KSx x Def x <?y — ► Bei KSxxY 

is an isomorphism. 

Let p and q be the natural projections of the product X x Y onto 
X and Y, respectively. Consider the morphism of DGLAs 

F : KS X x KS Y — >• KSxxY, 
(ni,n 2 ) i — > p*ni + q*n 2 . 
Thus, we have to prove that F induces an isomorphism of the asso- 
ciated deformation functors. Denote by H l (F) the induced map on 
cohomology. 

By Theorem 1.3.34, if H°(F) is surjective, H 1 (F) is bijective and 
H 2 (F) is injective, then F induces an isomorphism. 

H°(KSxxy) = H°(XxY, Qxxy) and so, by the Kunneth's formula, 
H°(KS Xx y) = H°{Q X ) © H°{Q Y ) = H°{KS X x KS Y ). This implies 
that H°(F) is surjective. 

Again by Kunneth's formula we get 

H\KSxxy) = H\® X xy) = 
H\Q X ) © H\Q Y ) © H\O x ) © #°(e y ) © H\O y ) © H°(& x ), 
and 

H\KS X x KS Y ) = H\Q X ) © H\Q Y ). 
Then the hypothesis implies that H l (F) is bijective. 
Finally, reasoning as above we get that 

H\F) : H\Q X ) © H 2 (Q Y ) — H 2 (Q x .y) 

is injective. This implies that F induce an isomorphism of deformation 
functors. 

On the other hand, if F is an isomorphism of deformation functors, 
then is a bijection onto the tangent spaces and so H l {Ox) © 

#°(e y ) = H\O y ) © H°(G X ) = 0. □ 



CHAPTER III 



Deformation functor of a pair of morphisms of 

DGLAs 

In this chapter we give the key definition of deformation functor 
associated with a pair of morphisms of differential graded Lie algebras. 

In the first section we define the (not extended) functors of Artin 
rings MC(f, iS ) (Definition III. 1.8) and Def^) (Definition III. 1.12) as- 
sociated with a pair h : L — > M and g : N — > M. These functors 
will play an important role in the study of infinitesimal deformations 
of holomorphic maps in the next chapter. 

Then Section III. 2 is devoted introducing the extended deforma- 
tion functors (Definition III. 2. 4). In particular, we define the functors 

MC(/, iS ) and Def(h i9 ) which are a generalization of the previous MC(h,g) 
and Def( /l)9 ). 

We introduce the extended functors, since using their properties, we 
can show the existence of a DGLA H(h,g) such that Def H(h9) = Def( fejS ) 
(Theorem III.2.36). 

III.l. Functors MC^g) and Def^) 

In this section we introduce the functors MC^g) and Def(h, g ) (Sec- 
tion III. 1.2) associated with a pair h : L — > M and g : N — > M 
and we study some of their properties (Section III. 1.3). First of all, we 
recall the definition of the mapping cone associated with morphisms of 
complexes. 

Note. In this section, we suppose that M is concentrated in non 
negative degree. Since in the main application M will be the Kodaira- 
Spencer algebra of a manifold, this extra hypothesis is not restrictive. 
Anyway, in Section III. 2 we will remove this hypothesis. 

III. 1.1. The mapping cone of a pair of morphisms. The sus- 
pension of the mapping cone of a morphism of complexes h : (L, d) — > 
(M,d) is the differential graded vector space (C h ,5), where 

C i h = U@ M 1 - 1 

and the differential 5 is 
5(1, m) = (dl, -dm + h(l)) G L i+1 © M\ V (I, m) e V ® M i_1 . 
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Actually, 5 2 (l,m) = 5(dl, -dm + h(l)) = {d 2 l,d 2 m-d{h(l)) + h{d{l))) = 
(0,0). 

Remark III. 1.1. Consider the projection n : M — > coker(/i). 
Then there exists a morphism of complexes 

V? : (C h ,S) — ► (coker(/i)[-l],d[_i]), 

with 

ifi(l,m) = 7r(m), V (l,m) G C l h . 

Indeed, 

(I, m) >■ 7r(m) 

8 <i [ _ 1] 

(<i/, — <im + h{l)) - — >■ — dir(m). 
If h is injective then (C' h , 5) and (coker(/i)[— 1], are quasi-isomorphic. 

Remark III. 1.2. Let / : X — > F be a holomorphic map of com- 
plex compact manifolds and consider the induced map /* : A p x q (Qx) — > 
A P x(f*®Y) (see Section II. 6). Then the cohomology groups H l {C'^) 
of the associated cone (C^ , 5) are isomorphic to the hyper-cohomology 

groups H 1 (x,0(G x ) ^ 0(f*Q Y )^ (see [11, Section 5 of Chapter 
3]. 

Next, suppose that h : (L, d) — > (M, d) and g : (N, d) — > (M, d) 
are morphisms of complexes: 

L 

h 

Definition III. 1.3. The suspension of the mapping cone of a pair 
of morphisms (h,g) is the differential graded vector space (C^ h ^,D), 
where 

q M = V © N* © m 1 - 1 

and the differential -D is defined as follows 

L i ®N i @M i ~ l 3 (l,n,m) (dl,dn, -dm-g(n)+h(l)) E L i+1 ®N i+1 ®M l . 

Actually, D 2 (l,n,m) = D(dl,dn,—dm—g(n)+h(l)) = (d 2 l,d 2 n,d 2 m+ 
dg{n) - dh{l) - g{dn) + h{dl)) = (0, 0, 0). 

Remark III. 1.4. By definition, (C, hg ^,D) coincides with the sus- 
pended mapping cone associated with the morphism of complexes h—g : 
L © N — > M (such that (h - g)(l,n) = h(l) - g{n)). 

Moreover, the projection C^ ^ — ► L © N' is a morphism of com- 
plexes and so there exists the following exact sequence 



>■ (M' _1 , —d) 

that induces 
(8) 

► H% ( G \h,g)) - 
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- D ) — - e n-, d) 



H\L®N-) — > /T(M") — /T +1 (C (M ) 



Remark III. 1.5. The complexes C( ftff ) and C'( flfe ) are isomorphic. 
Actually, let 7 : — > C/ g ^ be defined as 

(-Z,-n,m) G C l (9)ft) . 

Then 

7 



C( M 3 (l,n,m) 
(I, n, m) 



->■ (— /, — n, m) 



D 



(dZ, cin, —dm — g(n) + h{l)) *- (— dl, —dn, —dm — g(n) + h(l)), 

and so 7 is a well defined morphism of complexes that is a quasi- 
isomorphism ( r y 2 = id). 

Lemma III. 1.6. Let g : N — > M and h : L — > M be morphisms 
of complexes with h injective, i.e., there exists the exact sequence of 
complexes 

h 







M - 

9 

N. 



coker(/i) 







Then (C'^ h ^,D) is quasi-isomorphic to (C' nog ,S). 
Proof. Let 7 : C, h ^ — >■ C wog be defined as 

" - (-n,n(m)) G C l nog , 

then 



C (M 3 (l,n,m) 
(I, n, m) 



— ■ (—ra, 7r(m)) 



D 



(dl, dn, —dm — g(n) + h(l)) 



[—dn, —dir(m) — n(g(n))). 



Therefore, 7 is a well defined morphism of complexes that is a quasi- 
isomorphism. The fact that 7 induces isomorphisms in cohomology is 
an easy calculation but we state it for completeness. 

Denote by the same 7 the map induced in cohomology. 

7 is injective. Suppose that ^[(l,n, m)\ = [(— n, n(m))\ is zero in 
H l (C nog ). Then dl = dn = —dm — g(n) + 1 — and there exists 
(b, c) G A ri ~ 1 xcoker(/i) 1-2 such that — n = db and ir(m) = —dc+nog(b). 
Let m! G M { ~ 2 be a lifting of c, i.e., vr(m') = c, ri = -b G iV*" 1 
and V = m + dm' + g(n') G M*" 1 . Then V G L <_1 , actually, n(l') = 
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7i(m) + n(dm') +nog{n') = —dc+itog{b) + dc — -nog{b) =0. Therefore, 
D(V, n', rri) = {dl f , dn f , -dm' - g(n') + V) = {dm - g(db), -db, -dm' + 
g{b) + (m + dm' + g(n'))) = (I, n, m). 

7 is surjective. Let [(n, t)] G H l (C nog )] then dn = and — dt + 
7r o g(n) = 0. Let m G M l_1 be a lifting of t, i.e., 7r(m) = t and 
/ = - g (n) +dme M\ Then Z G L*; in fact, 7r(Z) = -tt o #(n) + di = 0. 
Moreover, (Z, — n, m) G H l (C^ h ^) (dl = dn = and —dm+g(n)+l = 0) 
and 7[(Z, — n, m)] = [n, 7r(m)] = [(n, t)]. 

□ 

Remark III. 1.7. Let L, M and A be DGLAs and Zi : L — > M and 
g : A — > M morphisms of DGLAs. No canonical DGLA structure on 
C(h,g) can ^ e defined such that the projection C'^ hg ^ — > L © N' is a 
morphism of DGLAs. 

III. 1.2. Definition of MC^^) and Def(^ 9 ). 

Definition III.1.8. Let h : L — >■ M and g : iV — >■ M be mor- 
phisms of differential graded Lie algebras: 

L 

h 

For each (A, m^) G Art the Maurer-Cartan functor associated with the 
pair (h, g) is defined as follows 

MC (M : Art — > Set, 
MC (M (A) = {(a;,?/,e p ) G (L 1 ®m A ) x (A 1 <g> m^) x exp(M° ®m A )\ 

dx+^[x,x] = 0, dy+^[y,y] = 0, #(?/) = e p *Zi(:r)}. 

Remark III.1.9. In [24, Section 2], M. Manetti defined the functor 
MCh associated with a morphism h : L — > M of DGLAs: 

MC h : Art — ► Set, 

MC h (A) = 

{(x,e p ) G (L 1 0771a) x exp(M°<g>m A )| cfe + = 0, e p *h{x) = 0}. 

Therefore, if we take N = and g = 0, the new functor MC^,g) reduces 
to the old one MC^. 

By choosing N = and h = g = 0, MC(/ l)9 ) reduces to the Maurer- 
Cartan functor MC L associated with the DGLA L (Definition 1.3.17). 

Remark III. 1.10. As in the case of a differential graded Lie al- 
gebra (see Remark 1.3.22), MC^g) is a homogeneous functor, since 
MC (M (S x A C) - MC (M (S) x MC( ,, s) (A) MC (M (C). 
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As in the case of a differential graded Lie algebra (see Defini- 
tion 1.3.26), we can define for each (A, ttia) G Art a gauge action 
over MC (M (A). 

Definition III.l. 11. The gauge action of exp(L°®m A ) xexp( N° <g> 
m A ) over MC (M (A) is given by: 

(e a , e 6 ) * (x, y, e p ) = (e a * x, e b * y, e 9 ^e p e~ h ^). 
This is well defined since 

e 9(b) e p e -h(a) ^ h ( e a ^ x j = e g(b) e p ^ ^ = ^(b) ^ g ^ = g ^b ^ y y 

and so (e a ,e 6 ) * (x,y,e p ) G MC (M (A). 

In conclusion, it makes sense to consider the following functor. 

Definition III. 1.12. The deformation functor associated with a 
pair (h, g) of morphisms of differential graded Lie algebras is: 

Def( fc)fl ) : Art — ► Set, 

Def Ml- M C(M(^) 

(Ml j exp(L° ® m A ) x exp(iV ® m A ) ' 

Remark III.l. 13. In [24, Section 2], M. Manetti defined the func- 
tor Def^ associated with a morphism h : L — ► M of DGLAs: 

Def fc : Art — ► Set, 

Deffc M) = MCh(A) 

exp(L° <g> m A ) x exp(rfM" 1 <g> m A ) ' 

where the gauge action of exp(L° ® m^) x exp(c?M^ 1 ® m^) is given 
by the following formula 

(e a ,e dm )*(x,e p ) = {e a *x ) e dm e p e~ h{a) ) ) V a G L°®m A ,m G M" 1 ^. 

Therefore, if we take N = and g = 0, the new functor Def(/ l)9 ) 
reduces to the old one Def^ (M is concentrated in non negative degree). 

By choosing N = M = and h = g = 0, Def( fcj9 ) reduces to the 
Maurer-Cartan functor Dei L associated with the DGLA L. 

The name deformation functor is justified by the theorem below. 

Theorem III. 1.14. Def^,g) is a deformation functors, i.e., it sat- 
isfies the conditions of Definition 1. 1.10. 

Proof. If A — K, then Def(/ 1)9 )(1K) = {one element}; therefore, 
ii) of Definition 1. 1.10 holds, i.e., Def( hg )(B x C) = Det( hg )(B) x 
Def (M (C). 

Let (3 : B — > A and 7 : C — > A be morphisms in Art and 
(v,w) G Def(h )ff )(S) x Dcf(h9)(j 4) Def(/ l)S )(C). Then we are looking for a 
lifting z G Def( /l)9 )(5 x A C), whenever /3 : 5 — >■ A is surjective. 

Let (x, y, e p ) G MC (M ( J B) and (s,t,e r ) G MC (M (C) be liftings for 
f and w, respectively. 
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By hypothesis, f3{y) = j(w) G Def(h,g)(A); therefore, /3(x,y,e p ) 
and 7(s,t,e r ) are gauge equivalent in MC(h, g )(A), i.e., there exist a G 
L° (g) m A and 6 G iV° £g> m A such that 

e a * = 7 (s) e b * (3{y) = 7 (t) e 9W e P(p) e -K°) = e 7W 

Let c G L° ® m B such that (3(c) = a and d G iV° ® m B such that 
/3(d) = 6. 

Up to substituting (x, y, e p ) with its gauge equivalent element (e c * 
x, e d *y, e g< - d ^e p e~ h< - c ' 1 ) (they both lift v), we can assume that a (3(x ) y, e p ) = 
7 (M,e r )GMC (M (i). ' 

Since MC (M (Bx A C) = MC (M (5) x M c (M (A)MC {M (C), a lifting 
2; G MC(/ l)9 )(-B x A C) is well defined and so it is sufficient to take its 
class [z] G Def (M (.B x A C). 

□ 

Remark III. 1.15. Consider the functor Def(^ i9 ). Then the projec- 
tion g on the second factor: 

g : Def (M — > Def^, 

Def (M (A) 3 (x,y,e p ) -U y G Def N (A) 
is a morphism of deformation functors. 

Remark III. 1.16. If the morphism h is injective, then for each 
(A, m A ) G Art the functor MC(/ lj9 ) has the following form: 

MC (M (A) = {(x,e p ) G (N 1 <g> m A ) x exp(M° <g> m A )| 

<ix + -[x, x] = 0, e~ p * g(x) G L 1 (g) m^}. 

In this case the gauge equivalence ~ is given by 

(x, e p ) ~ (e fe * x, e 9(b) e p e a ), with a G L° <g> m A and b G iV° <g> m A . 

Lemma III. 1.17. The projection n : MC(/ lj9 ) — > Def(/ l)9 ) is a smooth 
morphism of functors. 

PROOF. Let (5 : 5 — > A be a surjection in Art; we prove that 

MC (M (5) — Def (M (fl) x Dcf(h9)(A) MC (M (A) 

is surjective. 

Let ((x,y,e p ),(/,n,e m )) G Def (M (B) x Def(/tg)(A) MC (M (A); that 
is, the class of (/, n, m) and f3(x, y, e p ) are the same element in Def(h,g){A) 
Then there exists (a, b) G exp(L° ® m A ) x exp(iV <g> m A ) such that 

(I, n, e m ) = (e a , e b ) * {(3{x, y, e p )) = (e a * (3{x), e b * (3{y), e 9 ^e^e~ h ^). 

& p{e c *x,e d *y,e^ d h p e- h ^) = (e^ c h(3(x),e^ d Up(y),e9^( d )) e ^Ph- h ^y) = 
(e a * (3{x), e b * (3(y), e^e^e-' 1 ^) = 7 (s, t, e r ) 
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Let c G L° <S> rriB be a lifting of a and d G N° <g> m# be a lifting of 6. 
Then 

t = (e c *x,e d *y,e 9{d) e p e~ h(c) ) 

lies in MC^fS) and is a lifting of ((x,y,e p ), (/,n, e m )). 
Actually, t is gauge equivalent to (x, y, e p ) and 

{e a * P(x), e b * /3(y), e g(b) e^ p) e' h ^) = (I, n, e m ). 

□ 

III. 1.3. Tangent and obstruction spaces of MC(/ lj9 ) and Def^). 
By Definition III. 1.8, the tangent space o/MC(y is 

MC (M (K[e]) = 

= {(x,y,e p ) G (L 1 ® Ke) x (iV 1 <g> Ke) x exp(M°®fc)| 
dx = dy = 0, h(x) — g(y) — dp = 0} 
- G L 1 x N 1 x M°| dx = dy = 0,g(y) = h(x) - dp} = 

ker(D : Cf M — > C 2 M ). 
By Definition III.l. 12, £/ie tangent space o/Def^) is 

Def (M (K[ £ ]) = 

e I 1 x iV 1 x M°| dx = dy = 0,g(y) = h(x) - dp] 
{(-da,-db,g(b)-h(a))\ ae (L°®K[e]),be (N ®K[e})}' 

Remark III. 1.18. In the last equality we use the extra hypothesis 
that M- 1 = 0. 

As to the obstruction space of MC^^), we prove below that it is 
naturally contained in H 2 {C'^ hg ^). Since n : MC^,g) — > Def^,g) is 
smooth, Corollary 1.1.35 implies that the obstruction space of Def^g) 
is also contained in H 2 (Cr hg -,). 

Lemma III.l. 19. H 2 {C^ hg ^) is a complete obstruction space for MC(h, g )- 
Proof. Let 

— > J — >B A — >0 

be a small extension and (x,y,e p ) G MC(ft j9 )(A). 

Since a is surjective there exist x G L l <g> that lifts x, y G 
N 1 ®m B that lifts y, and g G M° <g> m B that lifts p. Let 

1 = dx + — [x , x] G L 2 ® rng 

and 

1 

k = dy + -[y, y] E N 2 ®m B . 
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As in Lemma 1.3.24, we can easily prove that a(l) = a{k) = dl = dk = 
0; then / G H 2 {L) <8> J and k G H 2 {N) <g> J. 

Let r = —g(y) + e q * h(x) G M 1 <g> mg; in particular, ct(r) = and 
so r G M 1 ® J. 

Next, we prove that (/, fc,r) G Z 2 (C( Ai9 )) ® J. 

Since dl = dk = 0, it remains to prove that — dr — (?(&) + /i(Z) = 0. 

By definition, h(x) = e~ q * (g(y) + r) = r + e~ q * g(y) (in the last 
equalities we use Example 1.3.28) and so 

h(l) = d(h(x))+^[h(x),h(x)} = dr+d(e~ q *g(y))+l[e~ q *9(y),e- q *gm- 

Let A = d(e~ q * g(y)) and B = [e~ q * g(y), e~ q * g{y)\- Therefore, it is 
sufficient to prove that A + -B — g(k). 
We have 

B = [e-«*g(y),e-Ug(y)] = [e™' (d+g(y))-d,e^' \d+g(y))-d]' = 

[e^y(d+g(y)),e^y(d+g(m'+[e [ ^Hd+gm 

el-*Y[d + g(y), d + g(y)}' - 2[d, e^'(d + g{y))\ = 

eI-«'l'(2rf^(2/)H-[^(y), ^(y)])-2[rf, e I-*'l'(rfH-^(y))-d]' = 2e["«J(^(A;))-2^. 

By assumption, g{k) G M 2 ® J and so e^~ q '^(g(k)) = g(k). 
Therefore, 

A + ±B = A+±(2g(k)-2A)=g(k) 

and so [(U,r)]eff 2 (C M )®J. 

This class does not depend on the choice of the liftings. 

Actually, let x' G L 1 ®m B be another lifting of x. Then x' = x+j x , 
for some j x G L 1 (g) J and so 

/' = dx +^ [x, x'} = dx + dj x + ^[x,x] = I + dj x . 

Analogously, if y' is another lifting of y then there exists j y G A rl £g> J 
such that 

k' = k + dj y . 

Moreover, 

= -#(y')+ e9 *M£') = -^(y)-^(iy)+e 9 */i(£)+/i(jx) = r-g(j y )+h(j x ). 
Therefore, [(l',k',r')] = [(l + dj x ,k + dj y ,r-g(j y ) + h(j x ))} = [(l,k,r)} G 

In conclusion, [(/, fc, r)] G H 2 (C'^ h ^) ® J is the obstruction class 
associated with the element (x,y,e p ) G MC(fc i9 )(i). 

If this class vanishes, then there exists (w, t>, z) G ff ) ® J such that 
(du, dv, —dz — g(v) + /i(it)) = (I, k, r). In this case, define x = x — u, 
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y = y — v and z = q — z. Then (x,y,e z ) G MC(/, i9 )(5) and it lifts 
(x,y,e p ). Actually, 

dx + \x, x] = dx — du + [x, x] — I — du — 0, 

# + [V, y] = dy - dv + [y,y] = k - dv = 

and 

- e~ * h(x) = g{y) - g(v) - e q ~ z * (h(x) - h(u)) = b 

g(y) - g{v) - e q - z * h(x) + h(u) = 

(g(y) — e q * h(x)) — dz — g(v) + h(u) = — r + r = 0. 

□ 

III. 1.4. Properties. 

LEMMA III. 1.20. Let h : L — >■ M and g : N — > M be morphisms 
of abelian DGLAs. Then the functor MC^ is smooth. 

Proof. We have to prove that for every surjection (p : B — ► A G 
Art the map 

MC (M (S)^MC (M (A) 
is surjective. By hypothesis, we have 

MC (M (A) = {(x,y,e p ) G (L 1 <g> m A ) x (A 1 ®m A ) x exp(M° ®m A )| 

dx = dy = 0, = e p * = h(x) — dp}. 

This implies that the Maurer-Cartan equation reduces to the linear 
equations dx = dy = 0,g(y) + dp — h(x) = 0; then MC(/, j9 )(A) = 

Since Z 1 (Cj- ?i9 - ) Cgim^) -» Z 1 (Cj- fe9 - ) <S>ttib), the lifting exists. 

□ 

REMARK III. 1.21. Every commutative diagram of morphisms of 
DGLAs 




induces a morphism ip' of complexes 

C\ h;g) 3 (l,n,m) X* (a'(l),a"(n),a{m)) G C\ v ^ 
and a natural transformation F of the associated deformation functors: 

F : Def (fciff) — > Def (tw0 . 



b See Example 1.3.28. 
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Then, we obtain the following proposition that is a generalization 
of [24, Proposition 2.3]. 

Proposition III. 1.22. Let 




N 



M 



R 



Q 




be a commutative diagram of differential graded Lie algebras. If the 
functor Def^^) is smooth, then the obstruction space of Def( h ^ is 
contained in the kernel of the map 

# 2 (C (M ) — ► H 2 (C M ). 

Proof. The morphism F : Def(/ lj9 ) — ► Def^) induces a linear 
map between obstruction spaces. If Def(^ i/Lt ) is smooth, then its ob- 
struction space is zero (Proposition 1.1.31). 

□ 

Theorem III. 1.23. If <p' : C'^^ — > ^"(r?,/*) ^ s a Quasi-isomorphism 
of complexes then F : Def(/j 9 ) — > Def^^) is an isomorphism of func- 
tors. 

The proof of this theorem is postponed to the end of Section III. 2. 4. 



Next, let 



H 



N 



M 



be a commutative diagram of morphisms of DGLAs. Thus, it induces 
a morphism of complexes 



H 



(h,g) 



with <f(x) — (a(x),(3(x),0), 



and a morphism of functors 

F 



Def 



H 



Def 



(Kg) 



with 



F(x) 



(a(x),P{x),0). 



THEOREM III. 1.24. With the notation above, if the morphism ip' is 
a quasi-isomorphism then F is an isomorphism of functors. 

The proof of this theorem too is postponed to the end of Sec- 
tion III.2.4. 
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III. 2. Extended Deformation Functors 

In this section we study the extended deformation functors. In par- 
ticular, we are interested in the functors MC^g) and Dei^,g) which 
are a generalization of the functors MC(h j9 ) and Def(/ l)ff ) introduced in 
Section III. 1 . Here, we remove the restrictive hypothesis of M concen- 
trated in non negative degrees. 

The main references for this chapter are [21], [23, Sections 5.7 
and 5.8] and [24, Sections 6 and 7]. 

111. 2.1. Notation. We denote by: 

C the category of nilpotent (associative and commutative) differ- 
ential graded algebras which are finite dimensional as K-vector spaces. 
C the full subcategory of C of algebras with trivial multiplication. 

Example III.2.1. Define the complex (Q = fi ©^i, d), where fi = 
IK, Qi = K[— 1] and d : f2o — > ^i is the canonical linear isomorphism 
c?(l[0]) = 1[— 1]. fi G C and the projection p : Q — > Q = K and the 
inclusion Qi — > Q are morphisms in Co- 

Moreover, Q[n] = K[n] (g) f2 is an acyclic complex in C , for each 
n e N. 

111. 2. 2. Definition of extended functors. Let A E C and J C 

A a differential ideal; then J E C and the inclusion J — > A is a 
morphism of differential graded algebras. 

Definition III. 2. 2. A small extension in C is a short exact se- 
quence 

— > J — >B A — >0 

such that a is a morphism in C and J is an ideal of B such that 
BJ = 0; in addition, it is called acyclic if J is an acyclic complex, or 
equivalently a is a quasi-isomorphism. 

Definition III. 2. 3. A covariant functor F : C — > Set is called a 
predeformation functor if the following conditions are satisfied: 

111.2.3.1) F(0) = {*} is the one point set. 

111. 2. 3. 2) For every A, B e C, the natural map 

F(A x B) — ► F(A) x F{B) 

is bijective. 

111. 2. 3. 3) For every surjective morphism a : A — > C in C, with C 
an acyclic complex in Co, the natural morphism 

F(ker(a)) = F(A x c 0) — > F(A) x F(c) F(0) = F(A) 

is bijective. 

111. 2. 3. 4) For any pair of morphisms (3 : B — > A and 7 : C — > A 
in C, with f3 surjective, the natural map 

F(B Xa C) — > F(B) Xp(A) F(C) 
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is surjective. 

III. 2. 3. 5) For every small acyclic extension 

— > J — > B A — >0 

the induced map F(B) — > F(A) is surjective. 

Definition III. 2.4. A covariant functor F : C — >■ Set is called a 
deformation functor if it is a predeformation functor and F( J) = for 
every acyclic complex J G C . 

III.2.2.1. Examples. Let L be a differential graded Lie algebra and 
A G C. Then A has a natural structure of (nilpotent) DGLA given 
by: 

(L(g)AY = 0L^^; 

jez 

d(x®a) = dx®a + (-l) dcg{x) x ® rfa; 

[# <g) a, y 

Definition III. 2. 5. The extended Maurer-Cartan functor associ- 
ated with a DGLA L is 

MC L (A) = {xe (L <g> Ay \ dx + ^[x, x] = 0}. 

Lemma III. 2. 6. MC^ is a predeformation functor. 

Proof. See [21, Lemma 2.15]. We will also give a proof in Sec- 
tion III. 2. 4, since it is a particular case of Theorem III. 2. 20. □ 

REMARK III.2.7. We note that, for each C G C , we have: 

MC L (C) = {x G (L <g> C7) 1 ! dx = 0} = Z\L <g> C). 

Definition III. 2. 8. The extended deformation functor associated 
with a DGLA L is 

~ = {^e (i^^l^ + ^.x] = 0} 

gauge action of exp [L (g) A) 

where the gauge action of a G (L ® A) is the analogous of the not 
extended case, i.e., 

" h -] T 

(n+l)! 



- ' = ! x :— x + - — rr(k, #1 — do)- 



n=0 

Lemma III. 2. 9. Def^ is a deformation functor. 

Proof. See [21, Theorem 2.16]. We will also give a proof in Sec- 
tion III. 2. 4, since it is a particular case of Theorem III. 2. 26. 

□ 

Remark III.2.10. For each C G Co we note that: 

M l( £7) = {^(^g) 1 !^;"} = # {L9 C ). 

v ' {da\ ae(L® C) } v ' 
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III. 2.3. Properties. As in the not extended case, for every prede- 
formation functor F and every C G Co, there exists a natural structure 
of vector space on F(A) with: 

- addition given by the map F(C x C) = F(C) x F(C) F(C) 
induced byCxC — ^ C; 

- scalar multiplication by s given by the map F{C) — % F(C) 
induced by C C. 

Remark III. 2. 11. 1) For any morphism B — > A in C , the induced 
map F(B) — > F(A) is C-linear. 

2) For any natural transformation of predeformation functors F — > 
G, the induced map F(C) — ► G(C) is C-linear for each C G C . 

Definition III. 2. 12. Let F be a predeformation functor, the tan- 
gent space of F is the graded vector space TF[1], where 

TF = 0T n F, T n+1 F = TF[l] n = coker(F(ft[n]) F(K[n])),n G Z 

and p is the linear map induced by the projection fl[n] — >■ K[n] (see 
Example III.2.1). 

In particular, if F is a deformation functor then = for 

every n. Therefore, T n+l F = TF[l] n = F(K[e]), where e is an indeter- 
minate of degree — n G Z, such that e 2 = 0. 

Definition III. 2. 13. A natural transformation of predeformation 
functors F — ► G is called a quasi-isomorphism if it induces isomor- 
phisms on tangent spaces, i.e., T n F = T n G. 

Theorem III. 2. 14. (Inverse function theorem) A natural transfor- 
mation of deformation functors is an isomorphism if and only if it is 
a quasi-isomorphism. 

PROOF. See [21, Corollary 3.2] or [23, Corollary 5.72]. □ 

Theorem III. 2. 15. (Manetti) Let F be a predeformation functor, 
then there exist a deformation functor F + and a natural transforma- 
tion v : F — > F + , that is a quasi-isomorphism, such that for every 
deformation functor G and every natural transformation <fi : F — > G 
there exists a unique natural transformation ip : F + — > G such that 
<p = ifjv. 

Proof. See [21, Theorem 2.8]. □ 

REMARK III. 2. 16. Given a natural transformation of predeforma- 
tion functors a : F — > G, there is a natural transformation of asso- 
ciated deformation functors a + : F + — > G + . Actually, let rj : G — >■ 
G + . Then by composition we get (3 = rj o a : F — >■ G + and so, by 
Theorem III.2.15, there exists a + : F + — ► G + . 
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Theorem III. 2. 17. (Manetti) Let S be a complex of vector spaces 
and assume that the functor 

Co — > Set, 

C i — >Z 1 {S®C) 

is the restriction of a predeformation functor F. Then for every com- 
plex C G C , the equality F + {C) = H 1 ^ <8> C) holds; in particular, 
T i F + = H i (S). 

Proof. See [21, Lemma 2.10]. □ 

COROLLARY III. 2. 18. (Manetti) For every differential graded Lie 
algebra L there exists a natural isomorphism MC L = Def^. 

Proof. By Remark III. 2. 7 and Theorem III. 2. 17, we have that 

T^MC^ = H\L). Therefore, the natural projection MC L — ► Def L 

induces (by Theorem III. 2. 15) a natural transformation MC L — > Def^ 
which is an isomorphism on tangent spaces. □ 

III. 2.4. Extended deformation functor of a pair of mor- 
phisms. Let L, M, N be DGLAs, and h : L — > M and g : N — > M 
be morphisms of DGLAs: 

L 

h 

AT — M. 

Definition III. 2. 19. The extended Maurer-Cartan functor associ- 
ated with the pair (h, g) is 

MC(h, g ) ■ Art — ► Set, 

MC (M (A) = {(x,y,e p ) e (L ® A) 1 x (N ® A) 1 x exp(M® A)°\ 

dx+^[x,x] = 0, dy+^[y,y] = 0, g(y) = e p * h(x)}. 

Theorem III. 2. 20. MC^ i9 ) is a predeformation functor. 

Proof. MC (M (0) = and so (III.2.3.1) is satisfied. 
For any pair of morphisms /3 : B — >■ A and 7 : C — >■ A in C, we have 

MC (M (S x A C) = MC (M (S) XMc {hg)(A) MC (M (C) 

and so MC( h , g ) satisfies properties (III.2.3.2) ,(111.2.3.3) and (III.2.3.4). 
Let — > J — >■ B —> A — >■ be an acyclic small extension and 
(x,y,e p ) G MC (h, g )(A). We want to prove the existence of a lifting 
(x : y,e p ) G MC( AiS )(B) such that the induced map MC( h:g )(B) — > 
MC(h, g )(A) is surjective. 
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Since a is surjective, there exists (r, s, e*) G (L ® -B) 1 x (iV ® -B) 1 x 
exp(M ® B)° such that a(r) = x, a(s) = y and a(t) = p. 
Let Z G (L <S> J) 2 and fc G (iV <g> J) 2 be defined as follows 

I = dr + -[r,r] and k — ds+-[s,s]. 

Z z 

Then 

1 1 

dl = -d[r,r] = [dr,r] = [l,r] — — [[r,r],r] 
z z 

and the same holds for k, i.e., 

dk = [k,s] - ^[[s,s],s]. 

Since B ■ J = 0, we have [l,r] = [k,s] = 0; moreover, using Jacobi's 
identity (see Remark 1.3.7), [[r, r],r] = [[s,s],s] = 0. This implies that 
dl dk 0. 

By hypothesis, J is acyclic and so, by the Kiinneth formula, the 
complexes L ® J and iV <g> J are acyclic. Thus, there exist w G (L (g> J) 1 
and z G (iV <g> J) 1 , such that du> = Z and dz = k. 

Let 

x = r - w <E (L <g> B) 1 and y = s — z E (N <S> B) 1 ; 
we have 

a(x) = a(r) — a(w) = a(r) = x, a(y) = a(s) — a(z) = a(s) = y, 

dx+-\x,x] = dr—dw+-[r,r] = I— I = and dy+-[y,y] = 0. 
z z z 

Therefore, x and y lift x and y , respectively, and they satisfy the 
Maurer-Cartan equation. 

Let z = e* *h(x) - g{y) G (M&B) 1 . Since a (z) = e a{t) * h(a(x)) - 
g(a(y)) = e p *h(x) — g(y) = 0, z G (M®,/) 1 . Moreover, dz = 0; indeed 

2cfe = 2d(e t * h(x)) - 2d(g(y)) = -[e* * Zi(x), e* * Zi(x)] + [<?(y), <?(y)] = 

-[e* * e* * + \g(y), e* * - [#(y), e* * + [#(y), #(y)] = 

-[e* * h(x) - g(y), e* * - [<?(y), e* * - #(y)] = 0, 

{z = e* * - G (M ® J) 1 and so [e* * Zi(z) - -] = 0). 

Since M ® J is acyclic, there exists t> G (M ® J)° such that z = dv. 
Therefore, 

e* * = 2; + y(y) = cfo; + = e~ v * g(y) 

and so 

e v e l *h(x) = g(y). 
This implies that eP = e v e t lifts e p . 

Then the triple (x,j/,e^) G MC (h)fl) (S) lifts (x,y,e p ) G MC (M (A) 
and so (III.2.3.5) holds. 

□ 
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Proof of Lemma III. 2. 6. It suffices to apply the previous theo- 
rem with M = N = 0. □ 



Remark III. 2. 21. If the DGLA M is concentrated in non negative 
degree, then for every (A, m A ) G Art, MC^ g )(m A ) = MC^ g )(A). 

Applying Theorem III. 2. 15, we can conclude the existence of a de- 
formation functor MC( hjff ) associated with MC(/, i9 ). 

Proposition III.2.22. TMC^ = H\C\ Kg) ). 
Proof. For any C G Co we have 

MC (M (C) = {(/,n,e m ) G (L ® C) 1 x (A <g> C) 1 x exp(M®L7)°| 
dl = dn = 0, #(n) = e m * /i(Z) = /i(Z) - dm}, 

and 

zl ( C (h, 9 ) ® C ) = {(*, n, m) G (L ® C) 1 x (A ® C) 1 x (M <8> C)°| 

dl = dn = —dm — g(n) + h(l) = 0}. 

Therefore, MC(/ lj9 )(— )| C() = ^(C^ ^ <8>— )|c - Then we can apply The- 
orem III. 2. 17 to complete the proof. □ 

Next, we consider on MC(h,g)(A) the following equivalence relation 

<--— ' . 

(xi,yi,e pi ) « (x 2 ,y 2 ,e P2 ) 

if and only if there exist a G (L<g)A)°, b G (A<g>A)° and c G (M®A) _1 
such that 

^2 = e a *xi, y 2 = e b *y 1 

and 

e p 2 = e fl(6) e r e pi e -ft(a) > with T = dc+ [g( yi ), c] G Stab A (g( yi )). 
Lemma III. 2. 23. T/ie relation ~ an equivalence relation. 

Proof. The reflexivity is obvious. As to the symmetry and the 
transitivity, we use the following property of the irrelevant stabilizers 
Stab A (-)(see Section 1.3.4): for each x G MC M (A), a G (M<g> A) and 
T = dc+ [x, c] G Stab A (x) (c G (M® A)" 1 ), there exists / G (M<g> A)" 1 
such that 

e a e T = e T 'e a 

where V — df + [y, f] G Stab A (y) and y = e a * x. 

Symmetry. Let (xi, y±, e pi ) ~ (^2, 2/2, e P2 ). Therefore, there exist 
a G (L <g) A) , be (N® A) and c G (M ® A) -1 such that 

x 2 = e a *x 1 , V2 = e b *y 1 
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and 

e P2 = e 9(b) e T e P le -h(a)^ with T = dc+ fefa^ c ]_ 

This implies the existence of / G (M <8> such that 

e p 2 = e T' eS (b) ePle -M«) with T' = df+ [g(y 2 ), /]. 

Thus, by choosing a = -a G (L <g) A) , /3 = —6 G (JV <8> A) and 
7 = -/ G (M <g> A)" 1 yields 

Xi = e Q * z 2 , yi = e' 3 * y 2 

and 

gPi = e -9(b) e -T' e p 2e h(a) = e g(fi) e T" e p 2e -h{ a) with rpn = d-y+lgfa),^. 

Then (x 2 , 2/2, e P2 ) « (zi, yi, e pi ). 
Transitivity. Suppose 

(xi,yi,e pi ) « (x 2 ,y 2 ,e P2 ) and (rr 2 , y 2 , e P2 ) « (x 3 , y 3 , e P3 ). 

Therefore, there exist a± : a 2 G (L <8> A) , 6i, 6 2 G (iV ® A) and ci, c 2 G 
(M ® A)" 1 such that 

x 2 = e ai * xi, y 2 = e 61 * ^ e P2 = e s(6l) e Tl e pl e" A(ai) 

and 

x 3 = e a2 * x 2 , y 3 = e b2 * y 2 e P3 = e g{b2) e T ' 2 e P2 e~ Ka2) 
with Ti = dci + [g(yi), ci] and T 2 = cfc 2 + [0(2/2), c 2 ]. Then 

e P3 = e <y(b 2 ) e T2 e < ? (bi) e T le p le -A(a 1 ) e -A(a 2 ) = 
e 9(&2) e s(6i) e T 2 ' e T le pi e -A(ai) e -A(a 2 ) 5 

for some c' G (M ® A)" 1 and T 2 ' = cfc' + [<7(yi), c']. 

Since StabA(g(yi)) is a subgroup, there exists c G (M ® A)^ 1 such 
that e T2 e Tl = e T with T = dc + [g(yi), c]. 

Let a = a 2 «ai G (L<g>A)°, 6 = 62*61 G (JV<g>A)° and c G (MoA)" 1 
as above. Then 

x 3 = e a * x u y 3 = e b *y 3 , e P3 = e g{b) e T e Pl e~ h{a) 

and so (x 1 ,y 1 ,e Pl ) w (x 3 , y 3 , e P3 ). 

□ 

Remark III. 2. 24. We note that this equivalence relation gener- 
alizes the equivalence relation induced by the gauge action given in 
Definition III. 1.11, when M is concentrated in non negative degree. 

Definition III.2.25. Define the functor 

Def( fc)fl ) : C — > Set, 

Drf (M (A) = MC (M (^)/w. 
Theorem III. 2. 26. Def^g) : C — > Set is a deformation functor 

with T*D7f (M = /p(q M ). 
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Proof. We first prove that Def(/ l)9 ) is a predeformation functor. 

Since Def^) is the quotient of the predeformation functor MC^g), 
conditions (III. 2. 3.1) and (III. 2. 3. 5) are verified. 

An easy calculation shows that Def( fcj9 ) satisfies (III. 2. 3. 2). 

Next, we verify condition (III. 2. 3. 4). Let (3 : B — > A and 7 : 
C — > A be morphisms in C, with f3 surjective. We prove that the 
natural map Def (M (S x A C) — ► Def (M (S) Xg^ (A) Def (M (C) is 
surjective. 

Let (x 1 ,y 1 ,e p ^) G MC (M (E) and (x 2 ,y 2 ,e p >) G MC^,^), such 

that f3(xi, yi, e pi ) and 7(2:2, y 2 , e P2 ) are the same element in Dei(h, g )(A). 

Then, there exist a G (L ® A) , b G (N <g> A) and c G (M <g> A)" 1 
such that 

7(x 2 ) = e a */3(xi), 7(1/2) = e b * /3(yi) 

and 

e 7(P2) = e sW e T e /3( Pl ) e -Ma) with T = dc+ [g(P( yi )), c}. 

Let a G (L <g) 5)° be a lifting of a, 6 G (AT <g> 5)° a lifting of 6 and 
c G (M ® 5)- 1 a lifting of c, so that f = dc+ \g(y x ), c] lifts T. 

Up to substituting (xi, yi, e pi ) with its gauge equivalent (e a *xi, e b * 
yi, e 9( - b ^e T e Pl e h ^), we can suppose that (3(x\ ) y± : e Pl ) — 7(2:2, y 2 , e P2 ) G 

MC(M(^)- _ 

Then ((x^,^ 1 ),^,^ 2 )) G MC (M (5) x^ ( ^ )(A) MC (M (C) 

and so, since MC^,g) is a predeformation functor, there exists a lifting 
in MC(/ l)9 )(i? XxC). Next, it is sufficient to take its equivalence class 
in Def (M . 

Finally, we prove that condition (III. 2. 3. 3) is satisfied. 

Let a : A — ► C be a surjection with C G Co an acyclic complex. 
Let (xi,y 1 ,e Pl ) and (x 2 , y 2 , e P2 ) G Def(/ l;g )(ker a) (in particular, g(yi) = 
e Pl * h(xi) and g(y 2 ) = e P2 * h(x 2 )) be gauge equivalent as elements in 
MC (M )(A), i.e., there exist a G (L <g> A) , 6 G (iV <g> A) and c G 
(M ® A)- 1 such that 

a: 2 = e a *xi, y 2 = e b *y 1 , 
e P2 = e g(b) e T ePle -h(a)^ with T — dc+ [g(yi), c]. 

We are looking for a G (L <g> kera) , b E (N ® kera) and c G (M ® 
kera)" 1 such that T = dc+ [g(yi),c] and 

a; 2 = e" * xim y 2 = e b * y^ e P2 = e'^eVe 4 ^. 

c /3(e a * a;i,e 5 * j/i, ^W e f eP 1 ^ s >) = (e^ s ) * f3(x 1 ),e' 3 ^ * 
I3{ yi ),e^^e^e^e h ^^) = (e a * /3{ Xl ),e b * /3{y 1 ),e9( b ) e T e l3 ^e~ h ^) = 
(7(^2), 7(2/2), e 7(p2) ) = 7(^2,y2,e P2 ) 
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Since L®C and N ®C are abelian DGLAs and a(xi) = a(yi) = 0, for 
i — 1,2, we have 

= a(x 2 ) = e a(a) * a(xi) = ~da(a) 

and 

= a(y 2 ) = e a ^*a( yi ) = -da(y). 

Moreover, L®C and N ®C are acyclic; therefore, there exist I G (L <E> 
A)~ l and fc G (iVtgjA)" 1 such that da(l) = -a(a) and da(k) = -a(b). 
This implies dl + a G (L <g> ker a) and dk + b <E (N ® ker a) . 

Set iui = + [xi, /] G jSia&A^i), u>2 = <i/c + [yi, fc] G StabA^yi) and 
define a = a • iui and b = b» w 2 . 

We claim that a G (L <8> ker a) and 6 G (AT <g> ker a) . Actually, 

a — a • w\ = a + w± = a + dl (mod [L (g) A, L <g> A]); 

since A ■ A C. ker a, we conclude a = a + dl = (mod L ® ker a). An 
analogous calculation implies that b G (AT <g> ker a) . 
Moreover, we note that 

e a * x\ = e a e wi * x\ = x 2 and e b * y\ = e b e W2 * yi = y 2 . 
As to e pi , since e a StabA(x)e~ a = StabA(y) with y = e a * x, we have 

e ~9(w2) e T e pi e h(w!) _ e S e Pi 

for some S = df + [c^), /] with / G (M ® A)" 1 . 
Thus, 

e P2 _ e fl(6) g T g pi e ~h(a) _ 
e s( 6 ) e 9(w2) e -g{w 2 ) g T gpi g/iftui) e -/i(tui) e ~h(a) _ ^(6) gSgPlg -/i(a) 

This implies that e 5 = e _3( -^e P2 e /l ^e _pi lies in the subgroup exp((M® 
ker a) ) or equivalently S = df + [g(yi), f] G (M ® ker a) . 

Since C is acyclic, the inclusion M ® ker a — > M <g> A is a quasi- 
isomorphism and it remains a quasi-isomorphism if we consider the 
deformed differentials d(— ) + [<?(yi), — ] on both M ® ker a and M ® A 
(g(yi) satisfies the Maurer-Cartan equation and so by Remark 1.3.18 
d(-) + [g(yi), —] is a differential). 

Therefore, since the class of S is trivial in M <g> A, it is also trivial 
in M® ker a, i.e., there exists c G (M <g> kera) -1 such that S = T = 
dc+ [^(j/i), c]. 

In conclusion, e P2 = e 9 ^ e T e pi e~ h ^ and so Def(^ 9 ) is a predeforma- 
tion functor. 

Next, we prove that Def(/ l)S ) is a deformation functor. 
Let C G C , then 

MC (M (C) = {(/,n,e m ) G (L^C) 1 x (A^^C) 1 x exp(M®C)°| 
dl = dn = 0, ^(n) = e m * /i(Z) = h(l) - dm} = Z\C {Kg) ®C). 
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and 

(9) Def(M(C7) = 

MC(M(C) / 

{(-da,-db,dc+g(b)-h(a))\ae (L<g>C)°, be (N®C) , ce (M®Cy 1 }. 

Therefore, Def(/ l)ff )(C) is isomorphic to the first cohomology group of 
the suspended cone of the pair of morphisms h : L®C — > M ®C and 
g : N <g> C — ► M <g> C. 

If C is also acyclic, then Def(/ lj9 )(C) = 0. This implies that Def^g) 
satisfies the condition of Definition III. 2. 4 and so it is a deformation 
functor. 

Finally, equation (9) also implies that T l Dei^,g) — H l (C'^ hg ^). 

□ 

Proof of Lemma III. 2. 9. It suffices to apply the previous theo- 
rem with M = N = 0. □ 

Theorem III.2.27. Def (M McJ i9) . 

Proof. The projection onto the quotient MC(ft j9 ) — > Def(/ lj9 ) in- 
duces, by Theorem III. 2. 15, a map MC^) — > Def(/ l)9 ) that is a quasi- 
isomorphism by Proposition III. 2. 22 and Theorem III. 2. 26. □ 

Corollary III. 2. 28. Let M be concentrated in non negative degree. 
Then for every (A, m^) G Art we have Def^^m^) = Def (A) . 

Proof. Obvious. □ 

Remark III. 2. 29. Every commutative diagram of differential graded 
Lie algebras 




induces a natural transformation F of the associated deformation func- 
tors: 

F : Def( hj9 ) — > Def^). 

Moreover, the inverse function Theorem III. 2. 14 implies that F is 
an isomorphism if and only if the map (a', a, a") induces a quasi- 
isomorphism of complexes ip' : C'^h,g) — *■ ^"(r?,/*)- 

Proof of Theorem III. 1.23. It is sufficient to apply the previ- 
ous remark and Corollary III. 2. 28. 

□ 
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Proof of Theorem III. 1.24. It suffices to apply the inverse func- 
tion Theorem III.2.14 and Corollary III.2.28. 

□ 

III. 2. 5. Fibred product. In Example 1.3.14, we have defined a 
DGLA structure on M[t, dt] = M <g> C[t, dt] and for each a G C an 
evaluation morphism e a which is a surjective quasi-isomorphism: 



mi d . 



e a : M[t, dt] — > M, e a (J^ mfi + n^dt) = ; 
Define K C L x N x M[t, dt] x M[s,ds] as follows 

K = {(/, n, mi(t, dt),m 2 (s, ds))\ h(l) = ei(m 2 (s, ds)), g(n) = e (mi(t, dt))}. 

K is a DGLA with bracket and differential 5 defined as the natural 
ones on each component. 

Define the following morphisms of DGLAs: 

e : K — ► M, (I, n, mi(t, dt), m 2 (s, ds)) \ — >■ e (mi(t, dt)) 



and 



e 1 : K — > M, (I, n, mi(t, dt),m 2 (s, ds)) i — ► e 1 ( y rri2(s, ds)). 
Then we can construct the following simplicial diagram of DGLAs 



(10) 



L x N- 



G 



K C Lx N x M[t, dt] x M[s, ds] 



ei 



M 



id 



eo 



M 



with: 



(l,n) 



G 



(l,n,g(n),h(l)) 



ei 



9(n) 



MO 



eo 



9(n) 



h(l). 



The diagram is commutative in a simplicial meaning and G is a quasi- 
isomorphism. 

Lemma III. 2. 30. The complexes C ei _ eo andC' h _ g are quasi-isomorphic. 
Proof. Consider the following commutative diagram of complexes 
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(M-\-d) 



C, 



h-g 



{L ®N\d) 



G 



ei— eo 



o, 



with n, m) = (7, n, g(n), h(l),m), for (/, n, m) G . Since id and 
G are quasi-isomorphism, a is a quasi-isomorphisms. □ 

Proposition III. 2. 31. Def (M) = Def (eiieo) . 

Proof. Since G is a morphism of DGLAs, using diagram (10), we 
can define a morphism of Maurer-Cartan functors: 



G' : MC 



(M 



MC 



(ei,eo); 



(l,n,m) i — ► (G(l,n),m), with G(l,n) = (l,n, g(n),h(l)). 

It is well-defined since G(7, n) & K satisfies the Maurer-Cartan equation 
and 



e m * ei (G(l,n)) = e m * ei (h(l)) = e m *h(l) = g(n) = e (g(n)) = e (G(l,n)). 

Therefore, G' induces a morphism between the associated deforma- 
tion functors Def(/ l)9 ) and Def( eiif > ) that is a quasi-isomorphism by 
Lemma III. 2. 30 (and so an isomorphism by Theorem III. 2. 14). □ 

III. 2. 5.1. Definition of H(h, g ), properties and barycentric subdivi- 
sion. Let H C K be defined as follow 

H — {(/, n, mi(t, dt), m 2 (s, ds)) G K\ e 1 (m 1 (t, dt)) = e (m 2 (s, ds))}, 

or written in detail 

H = {(l,n,m l (t,dt),m 2 {s, ds)) G Lx N x M[t,dt] x M[s, ds] | 

/i(/) = ei(m 2 (s, ds)), ^(n) = e (mi(t, dt)), e^m^t, dt)) = e (m 2 (s, ds))}. 

Let = (I, n, mi(t, dt),m 2 (s, ds)) G Then the pair mi(t, dt) and 
m 2 (s, ds) have fixed values at one of the extremes of the unit interval. 
More precisely, the value of mi(t, dt) is fixed at the origin and m 2 (s, ds) 
is fixed at 1, i.e., 

e (mi) = g(n) ei(m 2 ) = h(l) 

mi(t,dt) m 2 (s,ds) 











If k also lies in H, then there are conditions on the other extremes: the 
value of mi(t, dt) at 1 has to coincide with the value of m 2 (s, ds) at 0. 
Let 

(11) H (M) = 

{(l,n,m(t,dt)) G LxA^xM[t,dt] | /i(Z) = ei(m(t,dt)), = eo(m(t, eft))}. 
Since e« are morphisms of DGLAs, it is clear that H(h, g ) is a DGLA. 
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Moreover, considering the barycentric subdivision we get an injec- 
tive quasi-isomorphism 

H( ft|ff ) ^ H, 

1 s + 1 

(/, n, m(t, dt)) i — ► (I, n,m(-t,dt),m( , ds)). 

Definition III. 2. 32. H( h)9 ) is the differential graded Lie algebra 
associated with the pair (h,g). 

Proposition III. 2. 33. H(h, g ) is quasi-isomorphic to the complex 

C' 

Proof. It is sufficient to consider the following commutative dia- 
gram of complexes 

H( M < >K 

ei—eo 

*- M, 

where e\ — eo is surjective. □ 

Proposition III.2.34. Let h : L — > M and g : N — > M be 
morphisms of DGLAs. If the morphism g — h : N x L — ► M is 
surjective, then Defix N M is isomorphic to Dei^,g)- 

Proof. We recall that, by definition, 

MClx m n(A) = 

{(l,n) e (L<S>A) 1 x(N<S>A) 1 \dl+hl, I] = 0, dn+hn,n] = 0, h(l) = g(n)}, 
and 

MC (M (A) = {(I, n, m)e(L® A) 1 x (N <g> A) 1 x (M ® A)°\ 
dl + hi ,1] = 0, dn+ hn,n] = 0, g(n) = e m *h(l)}. 

Moreover, T*Def iXMjv H\L x M N) and T*Def (M = H\C {Kg) ). 
Let 

i> :MC LxmN (A) — MC (h)fl) (A), 
(l,n) i — ► (l,n,0), 

and ip : Def^ Xjv M — > Def(/j j9 ) the induced map between the associated 
extended deformation functors. Then ip is a quasi-isomorphism. 

For completeness we state all details, denoting by the same tp the 
map induced on cohomology. 

ip is injective. Suppose that f{[{l, n)\) = [{l,n, 0)] = in H l (C', hg C). 
Then, [(/,n,0)] = (dr, ds, —dt — g(s) + h(r)) with r e s G (iV)*" 1 

and t e (M)*- 2 . 
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Since g — h is surjective, there exist p G L l ~ 2 and q G N l ~ 2 such 
that g(q) — h(p) = —t and so g(dq) — h(dp) = —dt. Let (l',n') = 
(r — dp,s — dq); then h{l') = h(r) — h(dp) = g(s)+dt — dt—g(dq) = g(n'). 

Therefore, (l',n') G L x« N and d(l',n f ) = (dr,ds) = (l,n) and so 
[(l,n)] = 0eH i (Lx M N). 

(p is surjective. Let [(l,n, to)] G H l {C, hg \ i.e., dl = dn = and 
—dm — g(n) + h(l) = 0. Since the class [{l,n,m)\ coincides with the 
class [l + dr, n + ds, m — dt — g(s) +h(r)] G H l {C', hg \ we are looking for 
r G L i_1 , s G TV* -1 andt G M*~ 2 such that (l+dr,n+ds) G H\Lx M N) 
and m — dt — g(s) + /i(r) = (thus, [(/, n, to)] G Im(</?)). 

Since <? — h is surjective, there exist r G L*" 1 and s G N l_1 , such 
that g(s) — /i(r) = m — dt and so <?(ds) — /i(dr) = dm. Therefore, 
h(l + dr) = h(l) + g(ds) - dm = h(l) + g(ds) - h(l) + g(n) = g(n + ds), 
that is, (l+dr, n+ds) G Lx M N and ip([(l+dr, n+ds)]) = [{l,n,m)\. □ 

Remark III. 2. 35. Let a ,a 1 : L — >■ M be morphisms of DGLAs 
with a — «i surjective and T = {t G L| a (t) = «i(t)} (T is called the 
equalizer of a and or). In this particular case, the previous proposition 

implies Defy = Def( ai)Ct0 ). 

In conclusion, we have the following theorem. 
Theorem III.2.36. Def H(hi9) = Def (M . 

PROOF. It is sufficient to apply Proposition^II.2.34 to_j3p, ei : 
K — > M (with Cq—ci surjective) to conclude that Defn (h g) — Def( eijeo ); 
then Proposition III. 2. 31 is used to complete the proof. □ 



CHAPTER IV 



Deformations of holomorphic maps 



This chapter is devoted to the main topic of this thesis: infinitesimal 
deformations of holomorphic maps of complex compact manifolds. 

These deformations were first studied during the 70s by E. Horikawa 
in his works ([14] and [15]) and then by M. Namba [27] and Z. Ran 
[28]. 

Our purpose is to study these deformations using a technique based 
on differential graded Lie algebras. 

Note. Unless otherwise specified, X and Y are compact complex con- 
nected smooth varieties. 



IV. 1. Deformation functor Def(/) of holomorphic maps 

The main references for this section are [14] and [27, Section 3.6]. 

Definition IV. 1.1. Let / : X — >■ Y be a holomorphic map and 

A G Art. An infinitesimal deformation of f with fixed domain and 
codomain over Spec (A) is a commutative diagram 

X x S -Fx S 




S, 

where S = Spec(A), the morphisms onto S are the projections, T is 
a holomorphic map and / coincides with the restriction of T to the 
fibers over the closed point of S. 

If A = K[e] we have a first order deformation of f with fixed domain 
and codomain. 

Two infinitesimal deformations of / with fixed domain and codomain 



X x S 



T 



- V x S 



and 



X x S 



+ Y x S 





are equivalent if there exist automorphisms : X — 
Y such that the following diagram is commutative: 



X and ip : Y 
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X x S -Fx S 



(<p,id) 



(ip,id) 



X x S Y x S. 

Definition IV. 1.2. The infinitesimal deformation functor 

Def(X — > Y) of infinitesimal deformations of a holomorphic map / 
with fixed domain and codomain is defined as follows: 

Def(X Y) : Art — ► Set, 

isomorphism classes of 
, , _ , infinitesimal deformations of / 

| with fixed domain and codomain 
over Spec (A) 

Remark IV. 1.3. When the domain and codomain are fixed, an 
infinitesimal deformation of a holomorphic map / can be viewed as 
an infinitesimal deformation of the graph of the map / in the product 
X x Y, with X x Y fixed. 



In this case, we are just deforming the map /. In general, we can 
also deform both the domain and the codomain. 

Definition IV. 1.4. Let / : X — > Y be a holomorphic map and 
A G Art. An infinitesimal deformation of f over Spec(A) is a com- 
mutative diagram of complex spaces 

X A >Y A 




S, 

where S = Spec(A), (X A ,ir,S) and (Y A ,/i,S) are infinitesimal defor- 
mations of X and Y, respectively (Definition 1.2.1), T is a holomorphic 
map that restricted to the fibers over the closed point of S coincides 
with /. 

If A = K[e] we have a first order deformation of /. 
Definition IV.1.5. Let 
X A >Y A and X' A ^ Y' A 




S S 



be two infinitesimal deformations of /. They are equivalent if there 
exist bi-holomorphic maps : X A — ► X' A and tp : Y A — ► Y' A (that 
are equivalence of infinitesimal deformations of X and Y, respectively) 
such that the following diagram is commutative: 
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X A >Y A 



<t> i/> 

X'a YX. 



Definition IV.1.6. The functor of infinitesimal deformations of a 
holomorphic map / : X — > Y is 

Def(/) : Art — ► Set, 

{isomorphism classes of 
infinitesimal deformations of 
/ over Spec(A) 

Proposition IV.1.7. Def(/) is a deformation functor, since it sat- 
isfies the conditions of Definition 1. 1.10. 

Proof. It follows from the fact that the functors Defy and Defy 
of infinitesimal deformations of X and Y are deformation functors. □ 

Remark IV. 1.8. In this general case, the infinitesimal deforma- 
tions of / can be interpreted as infinitesimal deformations F of the 
graph T of the map / in the product X xY, such that the induced de- 
formations X x Y of X x Y are products of infinitesimal deformations 
of X and of Y. Since not all the deformations of a product are product 
of deformations (see Remark II. 7. 5), we are not just considering the 
deformations of the graph in the product. 

Moreover, with this interpretation, two infinitesimal deformations 

r C X x Y and V C X x Y are equivalent if there exists an isomor- 
phism : X x Y — > X x Y of infinitesimal deformations of X x Y 
such that 0(f) = P. 

IV. 1.1. Tangent and obstruction spaces of Def(/). Let U = 
{Ui} and W = {Wj} be Stein open covers of X and Y, respectively, 
such that f(Ui) C Vi for each %. For any integer p > 0, let 

c p (u, w, e x , e Y , f*e Y ) = &(u, e x )®c p (w, e Y )®c p -\u, /*e y ), 

(with C^iU, /*0y) = 0). Define a linear map 

b : &(u, w, e x , e Y , f*e Y ) — ^ c p+ \u, w, e x , e Y , f*®y) 

(x, y, z) i — > (5x, 5y, 5z + (-l) p (f*x - f*y)). 

Using the equalities /*<5 = 5f* and f*S = 5f*, we conclude that D is 
a differential (D o D = 0). Therefore, the cohomology C- vector spaces 
H p (U, W, G x , ©y, P&y) are well defined. 

Lemma IV.1.9. H'(U, W, Q x , Qy, /*©y) does not depend on the 
choice of the covers and so we denote it by H'(Q X , ©y, /*©y)- 
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Proof. The following linear maps are well defined: 
H P (U, Q x ) © H P (V, ©y) — H P (U, f*Q Y ) 
({ni}, {n 2 }) i — ► - fn 2 }; 

tf p (W, f©y) — tf p+1 (W, W, Q X , ©Y, f©y) 

{a} . — ^ {(0,0, a)}; 

iP(w, w, q x , e Y , f*e Y ) — e x ) © flf(v, 0y) 

{(711,712, a)} i — ► ({ni},{n 2 }). 
Then the sequence below is exact: 

> H P (U, Q x ) © H P (V, ©y) — /*e y ) — 

— W, 0x, ©Y, f©y) — 

— > H P+1 (U, Q X ) © # P+1 (V, 0y) — > # P+1 (W, /*©y) 

Moreover, fT(W, © x ), #"(W, ©x) and /*©y) does not depend on 

the choice of the Stein open covers U and V. Hence applying the so 
called "five lemma", H'(U, W, Qx, Qy, /*©y) does not depend on the 
choice of the covers. □ 

In [14], E. Horikawa used the vector space H'(Qx, Qy, /*©y) to 
describe the tangent and obstruction spaces of the deformation functor 
Def(/). 

Theorem IV.1.10. H 1 (Q x , Qy, /*©y) is in 1-1 correspondence 
with the first order deformations of f : X — ► Y . 

The obstruction space of the functor Def(/) is naturally contained 
in H 2 {Q X , Qy, /*©y)- 

Proof. See [27, Section 3.6]. 

□ 

Remark IV. 1.11. Consider a first order deformation f £ of /: in 
particular, we are considering first order deformations X £ and Y £ of 
X and Y . Using Theorem 1.2.8, we associate with X £ a class x G 
H\X, Q x ) and to Y £ a class y G H\Y, 0y). 

Therefore, the class in i? 1 (Ox, ©y, /*©y) associated with f £ is 
[(x, y, z)\ with z G C°(U, /*@y) such that Sz = f\x - f*y. 

Analogously, let — > J — ► B — ► A — ► be a small ex- 
tension and /a an infinitesimal deformation of / over Spec(A). If 
h G H 2 (X,Q X ) and k G H 2 (Y,Q Y ) are the obstruction classes as- 
sociated with Xa and Ya, respectively, then the obstruction class in 
H 2 {Q X , Q Y , f*Q Y ) associated with f A is [(h, k, r)], with r G C\U, /*©y) 
such that 5r = —(f*h — f*k). 



IV. 1. DEFORMATION FUNCTOR Def(/) OF HOLOMORPHIC MAPS 91 



Remark IV. 1.12. Using Cech's cohomology, we have denned the 
C-vector space H*(Q X , ©y, /*©y)- For convenience we reinterpret it, 
using Dolbeault's cohomology. 

Let (B',Dg) be the complex below 



BP = Af p) (Q x ) © A^ P, (Q Y ) © A^- l, (f*e Y ) 



|(0,p) 



(0,p-l)/ ,*, 



and 



B p+ \ (x, y, z) ^ (dx, dy, dz + (-l) p (f*x - f*y)). 



Lemma IV.1.13. The complexes (&(U, W, G x , ©y, /*©y), £») ^ 
(B',Dq) are quasi-isomorphic. 

Proof. Let W = {L^} and W = {Wj} as above and denote by 
0x : C7*(W,0 X ) — ^*(0 X ), 2 : L7*(V,0y) — ^*(0 y ) and 3 : 
C*(U, f*&x) — ► ^x*(/*©^) the quasi-isomorphisms of complexes of 
Leray's theorem, defined in Section II. 3.1. We recall that 0;<5 = dfa, 
f*4>i = 4>%f* and f*4>i = 4>if* , for each i = 1,2,3 (see Section II. 6). 

Next, define the following morphism 

7 : (&(u, w, e x , e Y , re Y ), D) — (B-, Dg), 

l(x,y,z) = (0i(x),0 2 (y),03(^))- 
Then 7 is a morphism of complexes:; actually, for any (x,y,z) G 

cp(u,w,e x ,e Y j*e Y ) 



(x,y,z) 



(M x )>My)>M z )) 



D 



(5x,6y,5z + (-iy(f*x-f*y)) 



where b = {dfoix), d<h(y), dfo(z) + (-l)f (/^(x) ~ f*Mv)))- 
Moreover, we have the following commutative diagram 



— >c-\uj*e Y ) 

4>3 

— ^■■- 1) (/*e y ) 



B 



C (U, ©x) © C iW, y ) 

(01 102 ) 

-^(©^©^(©y) -0 



where C' stands for C"(W, W, ©x, ©y, /*©y)- 

Since 03 and (0i, 02 ) are quasi-isomorphisms, 7 is a quasi-isomorphism. 

□ 
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IV. 2. Infinitesimal deformations of holomorphic maps 

Let / : X — > Y be a holomorphic map and T its graph in Z :- 
X x Y. 
Let 

F : X — >T CZ :=X xY, 

x i — ► (xj(x)), 

and p : Z — > X and q : Z — > Y the natural projections. 
Then we have the following commutative diagram: 

F 




X 

In particular, F* o p* = id and F* o q* = f*. 

Since 6 Z = p*B x © q*0 Y , it follows that F*{Q Z ) = Q X ® f*Q Y . 
Define the morphism 7 : O z — ► /*@y as the product 

7 : e z e x © f*e Y {r -^ d) f*e Y 

and let n be the following surjective morphism: 

A°/(e z ) ^ A° x j (f*e Y ) — > 0, 

tt(cjm) = F*(w)7(u), Vw G „4 Z J , u G 9 Z . 

Since each -u G 6 Z can be written as u = p*v\ + q*v 2 , for some i> G Ox 
and u> G 0y, we also have 

n(uu) = F*(u)(Mv 1 )-f*(v 2 )). 

Since F*d = dF*, ir is a morphism of complexes. 

For the reader's convenience, we give an explicit description of the 
map 7r. 

Let W = {Ui} ie i and V = { V^} ie / be finite Stein open covers of X 

and Y, respectively, such that f(Ui) C Vi {Ui is allowed to be empty). 

Moreover, let z = (z 1 ,z 2 , . . . , z n ) on Ui and w = (wi, w 2 , ■ ■ ■ w m ) on 

Vi be local holomorphic coordinate systems for each % G L As in 

n d m d 

Section II. 6, if v\ = ipj(z)-^— an d v i = y^V^w)— — then = 

J2^ Z ">Y1 qIq w and f %2 = ^^{f{z))-^—. Let K and J be 

i=i h=i 1 h h=i h 

multi-indexes of length k and j, respectively, and fix uj = $(z, w)dzx A 

dwj G „4^' +i . Then 

n(uu)=F*(u)(Mv 1 )-r(v 2 )) = 
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<&(*, f(z))dz K A 3/j £ I £ ~ ^ ^ 

h=l \i=l Z% 

Let £ be the kernel of 7r: 

(12) — £ -±> -4°/(0z) A°/(f*e Y ) — > 

and ft, : £ — ► ^*(©z) the inclusion. 

Lemma IV.2.1. £ is a sheaf of differential graded subalgebras of 
A°/(e z ) and h is a morphism of differential graded Lie algebras. 

Proof. There is a canonical isomorphism between the normal bun- 
dle N r]z of T in Z and the pull-back f*T Y . 
Therefore, (12) reduces to 

— £ -±> A° z *(e z ) A° r *(N rlz ) — 0. 




Then, by Lemma II. 5. 7, £ is a sheaf of differential graded subalge- 
bras of A°/(Q Z ). 

□ 

Let L be the differential graded Lie algebra of global sections of £. 

Let M be the Kodaira- Spencer algebra of the product X xY: M = 
KSxxY = KS Z and h : L — > M be the inclusion. 

Let N = KSx x KSy be the product of the Kodaira-Spencer al- 
gebras of X and of Y and g : KSx x KSy — > KSxxY be given by 
g = p* + q*, i.e., g(ni,n 2 ) = p*n\ + q*n 2 (for n = (n 1; n 2 ) we also use 
the notation gin)). 

Therefore, we get a diagram 



(13) L 

h 

N = KS X x KS Y 9=(P *' q * ] * M = KSxxy- 

Remark IV.2.2. Given the morphisms of DGLAs h : L — >■ KS Xx y 
and g : KSx x KSy — > KXxxY we can consider the complex 
(C( M ,D), with C7f M = U © tfS^ © © AT<S^ y and differen- 
tial D(l, n±,n 2 , m) = (dl, dn±, dn 2 , —dm — p*n\ — q*n 2 + h{l)). 

Using the morphism 7r : KS X xY — ► A° x *(f*Q Y ) we can define a 
morphism 

/3:(C (M , J D)^(S-, J Dg), 

(3(1, ni, n 2 , m) = (n 1 ,n 2 , (-l)V(m)) V (I, n u n 2 , m) e C\ Kg) . 

Proposition IV.2.3. (3 : (C'^ g) ,D) — > (B\Dg) is a morphism 
of complexes which is a quasi-isomorphism. 
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Proof. (3 commutes with the differentials, i.e., (3 o D = D-@o (3; in 
fact, for each (l,ni,n 2 ,m) G C l , hg s we have the following commutative 
diagram 

(/, rii, n 2 , m) *■ (ni, n 2 , (-l)V(m)) 



D 



b, 



where c = (dl,dn 1 ,dn 2 , —dm — p*rii — g*n 2 + and b = (3(c) = 
(dn!,dn 2 , (-l) i (97r(m) + /*rii - f*n 2 )) = Dg(n u n 2 , (-l)V(m))). 

Therefore, /3 induces a map in cohomology that we again call (3 that 
is a quasi-isomorphism. The proof is standard but we write it. 

(3 is injective. Let [(l,rii,n 2 ,m)] G H l (C'^ hg ^) a be a class such that 
/?([(/, ni,n 2 ,m)]) = [(ni,n 2 , (-l)V(m))] is zero in H l (B'). 

Then there exists (ai,a 2 ,&) G such that ni = ctai, n 2 = da 2 , 
and (-l)V(m) = db+(-l) i ~ 1 (f^a 1 -f*a 2 ), so that 7r(m) = (-1)*96- 
/*ai + /*a 2 . 

Let n' x = ai G KS 1 ^ 1 and n' 2 = a 2 G fTS^T 1 ; then dn^ = ni and 
<9n 2 = n 2 . 

Let z G KS 1 x^y be a lifting of —6 (i.e., n(z) = —b) and V = m + 
(-iydz + p*n{ + q*n' 2 G KS X xyi - 1. ThenJ' G indeed tt(Z') = 

7t(to) — (— l) l 96+/*ai — /*a 2 = 0; moreover, <9/' = dm+p*ni + q*n 2 = I. 
Therefore, [(/, n 1 , n 2 , m)] = [d(Z', n' 1: n' 2 , (—l) l z)} is zero in H l (C', hg ,). 

(3 is surjective. Let [(ai,a 2 ,Z>)] G H l (B ). Then <9ai = <9a 2 = 
and db + (-l)^/*^ - f*a 2 ) = 0. Let m G ifS^ x V be a lifting of 
(— 1)*6, i.e., vr(m) = (-1)*6. Let m = a x G KS l x and n 2 = a 2 G fTS^. 
Finally, let / = dm + p*ai + q*a 2 G KS^^y Then Z G L*; in fact 
tt(Z) = 7r(9m) + - Ta 2 = + - /*a 2 = 0. 

Since dl = dri\ = dn 2 = and —dm — p*rii — q*n 2 + / = 0, 
[(l,n u n 2 ,m)\ G H l (C'^ hg ^) and /3[(Z, ni, n 2 , m)\ = [(m, n 2 , (-l)V(m))] = 

[(ai,a 2 ,6)] GfP(S). ' □ 

IV. 2.1. Def(/j 9 ) is isomorphic to Def(/). Using the notation 
above and diagram (13), consider the functor Def^^). Since h is injec- 
tive, by Remark III. 1.16, for each (A, m^) G Art we have 

Def (M (A) = {(n,e m ) G (V 1 <g> m A ) x exp(M° ®m A )| 

rfn + -[n, n] = 0, e~ m * g(n) G L 1 <g> m^} / gauge. 

Remark IV. 2. 4. Let (n,e m ) G Def(h j9 ). In particular, n = (n\,n 2 ) 
satisfies the Maurer-Cartan equation and so rt\ G MCks x an d n 2 G 



a In particular, this implies that —dm — p*ni — q*n 2 + 1 = 
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MCks y - Therefore, there are associated with n infinitesimals deforma- 
tions Xa of X (induced by n-y) and Ya of Y (induced by n 2 ). Moreover, 
since g[n) satisfies Maurer-Cartan equation in M = KSxxY, it defines 
an infinitesimal deformation (X x Y)a ofXxF. By construction, the 
deformation (X x Y)a is the product of the deformations X A and Ya- 

Let i* : A°z* — > A^* be the restriction morphism and let / = 
keri* n Oz be the holomorphic ideal sheaf of the graph Tof / in Z. 

Consider an infinitesimal deformation of the holomorphic map / 
over Spec (A) as an infinitesimal deformation T of T over Spec (A) and 
Z of Z over Spec(A), with Z product of deformations of X and Y over 
Spec(A). 

By applying Remark IV. 2. 4 and Theorem II. 7.3, the condition on 
the deformation Z is equivalent to requiring 0% = OA{g{n)), for some 
Maurer-Cartan element n G KSx x KSy- 

The deformation T of the graph corresponds to an infinitesimal 
deformation I A C 0% of the holomorphic ideal sheaf I over Spec(A), 
that is, I a is a sheaf flat over A such that I a ®a C = I. 

In conclusion, to give an infinitesimal deformation of / over Spec (A) 
(an element in Dei(f)(A)) it is sufficient to give an ideal sheaf I a C 
A (g{n)) (for some n e MC K s x xks y ) with I A A-flat and I a ®a^ = I- 

THEOREM IV. 2. 5. Let h,g andi* be as above. Then there exists an 
isomorphism of functors 

7 : Def (M — > Def(/). 

Given a local Artinian C-algebra A and an element (n, e m ) e MC(/, i9 )(j4), 
we define a deformation of f over Spec(A) as a deformation lA(n,e m ) 
of the holomorphic ideal sheaf of the graph of f in the following way 

7 (n,e m ) = I A (n,e m ) := (ker(Af®A Af ® A))ne rn {kei i*®A) = 

= A {g{n)) H e m (keri* <g> A), 

where is i/ie infinitesimal deformation of Z that corresponds 

to g{n) e MC KSxxY (see Theorem II. 7. 3). 

Proof. For each (n, e m ) e MC^ g )(A) we have defined 

I A (n,e m ) = A (g(n)) l~l e m (keri* ® A). 

First of all, we verify that this sheaf /^(n, e m ) C ^(^(n)) defines 
an infinitesimal deformation of /; therefore, we need to prove that 
lA(n,e m ) is flat over A and I a ®a C = /. It is equivalent to verify 
these properties for e~ m lA(n, e m ). 
Applying Lemma II. 5. 5 yields 

e' m (0 A (g(n))) = ker(d + e~ m * g(n) : A°f ® A — > Af ® A) 
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and also 

e- m I A (n,e m ) = e' m (0 A (g(n))) n (ker i* <g> A) = 

= ker(d + e- m * g(n)) n (keri* A). 

Since flatness is a local property, we can assume that Z is a Stein 
manifold. Then H l (Z,Q z ) = and H°(Z,Q Z ) — ► H G (Z,N r \ z ) is 
surjective. Since the following sequence is exact 

► H°(Z, Q z ) — > if°(Z, 7Vr|z) — > L) — > if ^Z, 9 Z ) — > • 

we conclude that ff 1 (L) = or, equivalently, that the tangent space of 
the functor Deft, is trivial. Therefore, by Corollary 1.1.21, Defz, is the 
trivial functor. 

This implies the existence of v G L° <g> uia such that e~ m * g(n) = 
e v * (by hypothesis, e" m * g(n) is a solution of the Maurer-Cartan 
equation in L). Moreover, we recall that if a G LP®m A then e a (keri*(g> 
A) = keri* <g> A (see Section II.5.1). 

Therefore, 

e- m I A (n,e m ) = ker(d + e u *0)f) (ker i* <g> A) = C^(e" * 0) n (ker i* <g> A) 

= e l/ (O A (0)) n e"(keri* <g> A) = e"(/ <g> A). 
Thus, lA{ n , e m ) defines a deformation of / and the morphism 

7 : MC (M — Def (/) 
is well defined, such that 

7 (A):MC (M (A)^Def(/)(A) 

(n,e m )^ 7 (n,e m ) = / A (n,e m ). 

Moreover, 7 is well defined on Def (h,g)(A) = MC(h,g){A) / gauge. 
Actually, for each a6l°8 m A and b G iV ® m^, we have 

7(e b * n, e s(b) e m e a ) = C A (e 9(b) *g(n))n e g(b) e m e a {keri* <2> A) = 

e 9{b) A {g{n)) n e 9(6) e m (kerr <g> A) = e 9(b) 7 (n, e m ). 

This implies that the deformations 7(72, e m ) and 7(e b * n, e 9 ^e m e a ) are 
isomorphic (see Remark IV. 1.8). 

In conclusion, 7 : Def(/ j9 ) — ► Def(/) is a well defined natural 
transformation of functors. 

In order to prove that 7 is an isomorphism it is sufficient to prove 
that 

i) 7 is injective; 

ii) 7 induces a bijective map on the tangent spaces; 

iii) 7 induces an injective map on the obstruction spaces. 
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Actually, by Corollary 1.1.32, conditions ii) and Hi) imply that 7 is 
etale and so surjective. 

i) 7 is injective. Suppose that 7(71, e m ) = j(r, e s ), i.e., the de- 
formations induced by (n, e m ) and (r, e s ), respectively, are isomorphic. 
We want to conclude that (n, e m ) is gauge equivalent to (r,e s ), i.e., 

there exist a £ L°® and 6 G iV° ® such that e b * r = n and 

e a( b ) e s e a — e m 

By hypothesis, 7(72, e m ) and 7(r, e s ) are isomorphic deformations; 
then, in particular, the deformations induced on Z are isomorphic. 
This implies that there exists b G iV° ® m A such that e b * r = n 
and so e^^C^^r))) = A (g(n)). Up to substituting (r, e s ) with its 
equivalent (e b *r, e 9 ^e s ), we can assume to be in the following situation 

A (g(n)) n e m (keri* <g> A) = Q A (g(n)) n e m '(keri* <g> A). 

Let e a = e- m 'e m , then 

e a (e- m (0 A (g(n))) n (keri* <g> A)) = e - m '(C A (^(n))) n (keri* <g> A). 

In particular, e a (e _m (C A (5((n))) fl (keri* ® A)) C keri* ® A. 

Next, we prove, by induction, that a G L° ®m A (thus e m = e m e a = 

e 9(b) e s e a ). 

Let zi, . . . , z n be holomorphic coordinates on Z such that Z D T = 
= • • • = z n — 0}. Consider the projection on the residue field 

e- m {0 A {g(n))) n (keri* <g> A) — > O z n keri*. 

Then ^ G keri* n O z , for i > t. Since e- m (C j4 (^(n))) n (keri* <g> A) is 
flat over A, we can lift Zi to Zj = Zi + (fii G e~ m ((9A(fi'(^))) H (ker i* (g) A), 
with </?j G keri* <g> m^. By hypothesis, 

(14) e a {z % ) = e a ( Zi ) + e a (^) G ker 2* <g> A. 

By Lemma II. 5. 7, in order to prove that a G L° ® it is sufficient to 
verify that e a (^) G keri* ® A and so, by (14), that e a (<pi) G keri* <g> A. 

If A = C[e], then G keri* ® Ce, a G ® Ce > tnis implies 
e a ((fi) — (fi G keri* <g> Ce. 

Next, let — > J — ► 5 A — > be a small extension. By 

n d 

hypothesis, a(a) G L° <g> m^, that is, a(a) = ^^^j ^ — with a,j G 

ker i* <g> for j > t. 

Let be liftings of aj. Then G keri* ® m B for j > t , a' = 
n .9 

Na' — — G L° ® m B and e a '((/?j) G keri* ®m B . Since a (a) = a(a'), 

then a = a'+j with j G M°<g> J. This implies that e a (^) = e a ' +j (ifi) = 
e a '(tpi) G keri* ®m B - 
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As to tangent and obstruction spaces, by Theorem IV. 1.10 and 
Lemma IV. 1.13, the tangent space of Def(/) is isomorphic to H 1 ^') 
and the obstruction space is naturally contained in H 2 (B), where 

(B ,Dg) is the complex with B? = ^' p) (e x )©^ o ' p) (0 y )©A^ 1) (/*©y) 
and Dq(x, y, z) = (dx, dy, dz + (—l) p (f*x — f*y)), for each (x, y, z) G 
B p . As to the functor Def^^), in Section III. 1.3, we have proved that 
the tangent space is if ^C^ ^) and the obstruction space is naturally 
contained in H 2 (C^ hg ^), where Q{h, g ) lfi the suspended cone associated 
with the pair (h,g) (Section III. 1.1). Moreover, Proposition IV.2.3 
shows the existence of a quasi-isomorphism (5 between the previous 
complexes B' and C'^ g y 

Next, we want to prove that the maps induced by 7 on tangent and 
obstruction spaces coincide with the isomorphism induced by (3. 

ii) 7 induces a bijection on the tangent spaces (we prove that 7 
coincides with the isomorphism (3). 

Let (ni,n 2 ,m) G Def(h jff )(C[e]). Then dn\ = dn 2 = 0, dm + g(n) = 
dm + p*rii + q*n 2 G ^(L) and so (ni,n 2 ,m) determines the class 
[(g(n) + dm, ni, n 2 , m)] G iJ 1 (C^ 9 - ) ). Moreover, we note that dir(m) + 

f*n\ ~ f*n 2 = and (3[(g(n) + dm, n 1 ,n 2 , m)\ = [(n x , n 2 , -ir(m))]. 

Next, consider the first order deformation of / induced by (ni, n 2 ,m), 
i.e., 7(711, n 2 , m) = A {g{n)) ne m (keri* ® A). Using Theorem IV.1.10 
and Remark iVl.ll, we associate with 7(711, n 2 , m) the class b [(711,712, a)] E 
H 1 (B), such that da = /*7ii — f*n 2 . Then da = —d7r(m) and so 
[(711,712, a)] = [(ni,n 2 , -n(m))] = f3([(g(n) +dm,n 1 ,n 2 ,m)]) G if^-B"). 

This implies that the map induced by 7 on the tangent spaces 
coincides with the isomorphism (5. 

Hi) 7' induces an injective map on the obstruction spaces. In this 
case too, we prove that the map induced by 7 on the obstruction space 
coincides with j3 and so it is injective. 

Actually, let 

— > J — >B A — >0 

be a small extension. The obstruction class associated with {n\,n 2 , m) G 
Y)ei{h, g ){A) is the class [(k, hi, h 2 ,r)] G H 2 (C', hg \) <g> J defined in 

Lemma III. 1.19. We note that dr + p*h ± + q*h 2 G H 2 (L)) and so 
n(dr) = -Mi + f*h 2 . 

Next, again by Theorem IV.1.10 and Remark IV. 1.11, the obstruc- 
tion class associated with the deformation 7(711, n 2 , m) of / induced by 

b By Theorem II. 7. 3, the class associated with the first order deformation of X 
induced by m is n\ itself and the class associated with the first order deformation 
of Y induced by n 2 is n 2 itself. 
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(ni, n 2 , m) is [(hi, h 2 , a)] e H 2 (B ) <g> J with <9a = —(f*hi — f*h 2 ) and 
as above [(/ii, /i 2 , a)] = /?([(*;, hi, h 2 , r)]) G H 2 (B ) <g> J. 

□ 

In conclusion, by suitably choosing L, M, and h, g, Theorem IV. 2. 5 
shows that the infinitesimal deformation functor Def (/) associated with 
a holomorphic map / is isomorphic to the functor Dei^,g)- 

THEOREM IV.2.6. Let f : X — > Y be a holomorphic map. Then 
the DGLA H(h, g ) associated with the above morphisms h : L KSxxY 
and g = (p*,q*) : KS X x KS Y — >■ KS X xy (see Definition III. 2. 32) 
controls infinitesimal deformations of f: 

Def H(M) = Def(/). 

Proof. It is sufficient to apply Theorem IV.2. 5, Corollary III. 2. 28 
and Theorem III. 2. 36. □ 

Remark IV.2. 7. This theorem is very interesting from the point 
of view of "guiding principle" , since it shows the existence of a DGLA 
which controls the geometric problem of infinitesimal deformations of 
holomorphic maps. 

Anyway, in Chapter V we will see that in the applications it is more 
convenient to use the functor Def(/ lj9 ) than Defn (h9) . 

Remark IV.2. 8. Consider the diagram 

L 



KS X x KS Y KSxxy 




A\*(f*T Y ). 

Since h is injective, Lemma III. 1.6 implies the existence of a quasi- 
isomorphism of complexes (C^ hg ^,D) and (C nog ,5). 

Therefore, we get the following exact sequence 
(15) 

► H\C„ og ) H\X, e x ) © H\Y, Q Y ) — H\X, f*Q Y ) — 

— H\C nog ) H\X, Q X )®H 2 (Y, By) — H\X, f*Q Y ) — • 

where f? 1 and ^ 2 are the projections on the first factors and they are 
induced by the projection morphism g : Def(/) — > DefKs x xKS Y ( see 
Remark III. 1.15). 

In particular, g : Def(/) — > ^^ks x xks y associates with an infin- 
itesimal deformation of / the induced infinitesimal deformations of X 
and Y. 
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Then g l associates with a first order deformation of / the induced 
first order deformations of X and Y and g 2 is a morphism of obstruc- 
tion theory: the obstruction to deform / is mapped to the induced 
obstructions to deform X and Y (see also Remark IV.2.4). 

In [28], Z. Ran studied the infinitesimal deformations of a holo- 
morphic map / : X — > Y of singular compact complex spaces. He 
introduced some algebraic objects Tj, i — 1,2, that classify the defor- 
mations of a map / and obtained the following exact sequence 
(16) 

T) — > Exe 0x (n x , O x ) © Ext^(lV, Or) — > Ext^ x (/*Qy, O x ) — > 
_> T/ 2 — Ex4 x (fi x , O x ) © Ext 2 OY (Q Y , Oy) — Ext^ x (/*fi y , 

Lemma IV.2.9. //X and F are compact complex manifold, then 
the exact sequence (16) reduces to (15). 

PROOF. If X and Y are smooth, then Vtx and Vty are locally 
free. Then applying the spectral sequence associated with Ext (see [9, 
Lemme 7.4.1]) we get Ext l 0x (ft x , O x ) W{X, G x ), Ext l 0y (ft y , C y ) = 
#*(r, 9y) and Ext l 0x (/*ft y , X ) # l (X, /*6 y ). 

□ 



CHAPTER V 



Semiregularity maps 

In the previous chapter we have studied the infinitesimal deforma- 
tions of holomorphic maps. 

More precisely, let / : X — > Y be a holomorphic map of compact 
complex manifolds and r C X x Y its graph. 

Consider the DGLAs M = KS XxY , N = KS X x KS Y and the 
morphism g = (p*,q*) : KS X x KSy — > KS Xx y, where p and q are 
the projections of X x Y onto X and Y, respectively. 

Moreover, let L = A x * xY (-logF) be the DGLA defined by the 
following exact sequence (see Section IV.2): 

o — > l —> ks XxY A° x *(re Y ) — . 0. 

Then we get the following diagram 

(17) L 

x KS Y — - KS XxY - 

Theorem IV. 2. 5 shows the existence of an isomorphism between 
the functor Def(/) of infinitesimal deformations of / and the functor 
Def(ft j9 ) associated with the pair of morphisms (h,g): 

Def(/) = Def (h)P) (Theorem IV.2.5). 

Furthermore, Theorem IV.2. 6 gives an explicit description of the 
DGLA H(h,g) (Definition III. 2. 32) that controls the infinitesimal defor- 
mations of /: 

Def(/) = Deftf (M (Theorem IV.2.6). 

In particular, if i : X V is an inclusion, we can find an easy 
description of the DGLA associated with Def(i) (see Section V.4). Ac- 
tually, let V be the the DGLA V introduced in Section II. 5.1 (see also 
[24, Section 5]) 

— > L' — > A Y *(Q Y ) A X \N X \ Y ) — . 0. 

Thus, V controls the deformations of % (Corollary V.4.1). 

In general, without an easy description of H^,g) it is convenient to 
use the deformation functor associated with the previous diagram (17). 
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For example, if we want to study the infinitesimal deformations 
of / with fixed domain or fixed codomain, it is sufficient to consider 
diagram (17) with N = KS Y (Section V.l) or iV = KS X (Section V.2), 
respectively. 

Anyway, the main application of the techniques developed in the 
previous chapters concerns the study of obstructions to deforming a 
holomorphic map / and the "semiregularity" maps. 

In general, we can find a vector space V (most of the times a co- 
homology vector space) that contains the obstruction space, but we do 
not know an explicit description of the elements which are obstructions. 

Then the idea is to restrict the vector space V, for example by 
defining a map on V, the so called "semiregularity" map, that contains 
the obstructions in the kernel. 

In particular, let / : X — > Y be a holomorphic map and consider 
the infinitesimal deformations of / with fixed codomain Y. In [14] 
E. Horikawa proved the following theorem. 

Theorem V.0.10. (Horikawa) Let f : X — > Y be a holomorphic 
map and consider the functor of infinitesimal deformations of f with 
fixed codomain Y . Then the tangent space is the hypercohomology vec- 
tor space H 1 (x,0(G x ) 0(f*e Y )) and the obstruction space is 

contained in M 2 (x, 0(& x ) 0(f*0 Y )) ■ 

Using the techniques introduced in the previous section, we can 
improve this result in the case of Kahler manifolds, defining a map 
that contains the obstruction space in the kernel. 

Theorem. Let f : X — > Y be a holomorphic map of compact 
Kahler manifolds. Let p = dimY — dimX . Then the obstruction space 
of deformations of f ( with fixed Y ) is contained in the kernel of a map 

a : H 2 (X, 0{Q X ) 0{f*Q Y )) — ► H P+1 {Y, ftfT 1 ). 

The previous map is the generalization of the semiregularity map 
defined by Bloch (see [3] or [24, Section 9]) obtained when / is the 
inclusion map X Y, i.e., 

a : H\X,N X \ Y ) — H p+1 (Y, Q^ 1 ) . 

The proof of this theorem is postponed to Section V.l. 2 (Corol- 
lary V.l. 5), where we also give an explicit description of the map a. 

V.l. Deformations with fixed codomain 

This section is devoted to studying infinitesimal deformations of a 
holomorphic map / : X — > Y, with fixed codomain Y. 

In this case the DGLA N reduces to KS X and so diagram (17) 
reduces to 



V.l. DEFORMATIONS WITH FIXED CODOMAIN 103 



4*(ex)^4;y(e,xy) 




A°*(f*e Y ). 

where /* is the product nop* (see Section IV. 2). 

Using this diagram and Theorem IV. 2. 5, we can easily prove The- 
orem V.0.10 due to E. Horikawa. 

Proposition V.l.l. The tangent space of the infinitesimal defor- 
mation functor of a holomorphic map f : X — ► Y , with Y fixed, is 
H l {C'^) and the obstruction space is naturally contained in H 2 (CjJ. 

Proof. Theorem IV. 2. 5 implies that the infinitesimal deformation 
functor of /, with Y fixed, is isomorphic to Def^p*). Therefore, the 
tangent space is H l {C'^ hpt ^) and the obstruction space is naturally con- 
tained in H 2 {C, hp „C). Since h is injective, Lemma III. 1.6 implies that, 
for each i, H\C {h ^) = H\C^) = W(C f J. □ 

As we already announced we improve this theorem in the case of 
Kahler manifolds (see Section V.l. 2). 

The next section is devoted to some preliminary lemmas. 

V.l.l. Preliminaries. Let Z be a complex manifold. 
Then KS Z = A°^*(Q Z ) is the Kodaira-Spencer algebra of Z and in 
Section II. 5 we have defined the contraction map i: 

i: KS Z ^Rom*(A z ,A z ), 

i a (u) = ojw 
for any a G KSz and u G A*%*. 

Therefore, i(A° z J (Q z )) C ® h ,iEom°(A h / , A h f l > l+j ) C Eom j '\A z , A z ). 

In order to interpret * as a morphism of DGLAs, the key idea, due 
to M. Manetti [24, Section 8], is to substitute Rom*(Az, A z ) with the 



graded vector space Htp ( ker(d), — ^ ) = 0. Horn* 1 ( ker(<9), 

\ oA z J \ dA 2 

(see Example 1.3.4). Consider on Htp ^ker(d), ^ the following 

differential 5 and bracket { , }: 

S(f) = -df - {-l) dcgif) fd, 

{f,9} = fdg-(-l) dc ^ }dc ^gdf. 



104 V. SEMIREGULARITY MAPS 

Proposition V.1.2. Htp ^ker(d), is a DGLA and the linear 

map 

A z 



i:Af{T z )^m V (ke,{d\ dA 



is a morphism of DGLAs. 



Proof. See [24, Proposition 8.1]. An easy calculation shows that 

the graded vector space Htp ^ker(<9), i s a DGLA. 

Moreover, i is a linear map that preserves degree and commutes 
with differential and bracket. Actually, using Cartan fomulas a (see 
Lemma II.5.1), we get 

ida = -\9,ia] = -di a + (-lf- 1 i a d 

and, by definition of 5, 

5(i a ) = -di a -(-lfi a d. 

Therefore, ij a = S(i a ). As to the bracket, again by Cartan fomulas, we 
have 

i[ a ,b] = [i a , [d,ib]] = [ia,di b - (-l) 6_1 i 6 <9] = 

i a di b - (-lf-Hj.d - (-i'f'^(di b i a - {-if-H b di a ) = b 
i a di b + {-\f l -H b di a 

and, by definition of { , }, 

{i a ,i b } = i a dib - (-l) ab i b di a . 

□ 

Next, let / : X — > Y be a holomorphic map, 8x2 = 1x7 and T 
the graph of / in Z. Let I r C A z be the space of the differential forms 
vanishing on T and L C KSz be the DGLA defined as in Lemma IV. 2.1: 

— > L — ► KS Z — > A°/(f*e Y ) — > 0. 

We recall that 

Lc{aeA° z *(e z )\i a (I r )cI r }; 

moreover, 

p m A°?(e x ) C{ae A°/(e z )\ i a (q*A Y ) = 0}, 

where p and q are the projection of Z onto X and Y, respectively. 

In conclusion, we can define the following commutative diagram of 
morphisms of DGLAs: 



^da = -[#>*<»], i[a,b] = [ia,[ d > i b]] = [[ia,d],ib], [i a ,«b]=0. 

b i a ibd and di b i a are zero in Htp ( ker(<9), Z I 

\ oAz J 
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(18) 



K 



f G Htp (ker(d),^- 



/(J r nker(0)) C 



I T H dA z 



A°/(e z ) 



Htp (W),^ 



- J= /GHtp ker(9), 



j4z 
OA, 



/(ker(d) n ?M y ) = , 



where the horizontal morphisms are all given by i. 

Therefore, diagram (18) induces a morphism of deformation func- 
tors: 

J : Def( hjP .) — ► Def^^) . 

Lemma V.l. 3. If the differential graded vector spaces (dA z ,d), 
(dAr,d) and (dA z H q*A Y ,d) are acyclic, then the functor Def^) 
is unobstructed. In particular, the obstruction space ofDei^p*) ^ nat- 
urally contained in the kernel of the map 

Proof. This proof is an extension of the proof of [24, Lemma 8.2]. 
The projection ker(<9) — > ker(d)/dA z induces a commutative dia- 
gram 



(19) 



K 



Htp ker(d), 



J 



j4z 

OA; 



— {feK\f(dA z ) = 0} 



Htp 



ker(<9) A z 



dA z ' dA z 



{/ G J\f(dA z ) = 0}. 



Since cL4 z is acyclic, (3 is a quasi-isomorphism of DGLAs. Since 

coker(a) = {/ e Htp (dA z , *l) |/(/ r n &t,) c ^JL-}, 
there exists an exact sequence 



V/rn9A z ' dA z 



coker(a) -»■ Htp I r H dA z , 



It n <9A Z 



0. 
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Moreover, the exact sequence 

— > I r nA z — ► dA z — ► dA r — ► 
dA 

implies that I r fl A z and — — = dA r are acyclic. By Exam- 

Ir fl oA z 

pie 1.3.3, this implies that the complexes Htp ( , Z ) and 



IrDdAz' dA Z/ 

Htp (l r H dA z , j qQA ) are ac y c ^ c an< ^ so ^ ne same holds for coker(o;); 



i.e., a is a quasi-isomorphism. 
As to 7, we have 

coker(7) 



{/ e Htp (dA z , | n q*A Y ) = 0} 



Htp 



dA z n g*A y ' <9A Z/ 
By hypothesis, dAz fl and dAz are acyclic and so the same 

holds for — — . Then coker(7) is acyclic, i.e., 7 is also a quasi- 

dA z fl q*A Y 
isomorphism. 

Therefore, Theorem III. 1.23 implies the existence of an isomorphism 
of functors Def^) = Def^/^/). 

We note that the elements of the three algebras of the second 
column of (19) vanish on dAz- Then, by definition of the bracket 
{ , }, these algebras are abelian. Therefore, Lemma III. 1.20 implies 
that the functor Def( r?)/1 ) = Def^^n is smooth. Finally, Proposi- 
tion III. 1.22 guarantees that the obstruction space lies in the kernel 

°IH\C M )^H\C M ). □ 

V.1.2. Semiregularity for deformations with fixed codomain. 

With the notation of the previous section we have the following theo- 
rem. 

THEOREM V.1.4. Let f : X — > Y be a holomorphic map of com- 
pact Kahler manifolds. Then the obstruction space to the infinitesimal 
deformations of f with fixed codomain is contained in the kernel of the 
following map 

H 2 {C U ) H 1 (Htp(/ r D ker(<9) n q*A Y , A r )) . 

Proof. Lemma II. 2. 2 implies that the complexes {dAz, d), (dAr, d) 
and [dA z fl q*A Y , d) are acyclic. Then we can apply Lemma V.1.3 to 
conclude that the obstruction space lies in the kernel of the following 
map 
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op- 



Since h is injective, by Lemma III. 1.6, H 2 {C^ hp ,^) = i? 2 (C^ 
H 2 (C'j- ). Then the obstructions lie in the kernel of J : H 2 (C'j- ) 

As to H 2 (C'^^), consider 



K = {/ G Htp (ker(d), ^) | /(/ r n ker(d)) C ^ 



r 

~dAz 



and the exact sequence 



— ► K Htp ^ker(<9), coker(??) — > 0, 



with coker(?y) = Htp ^J r H ker(d), : , ; 

Applying again Lemma III. 1.6, there exists an isomorphism 
H 2 (C {v ^) = H 2 (C n , Qfl ). By Remark III. 1.1 there also exists a map 
l":H 2 (C n ,J^H 1 (coker(n'o pL )). 

More precisely, 

J = {/ G Htp (ker(c>), ^) | /(ker(d) n gMy) = o} , 
n'ofi-.J — > Htp n ker(d), 

and 

coker(vr' o = Htp(7 r H ker(<9) fl —M. 
Finally, since the complex cL4p is acyclic, the projection 

if 1 (Htp(J r nker (9) r)q*A Y , -^-) — ► // 1 (Htp(/ r nker(9) Dq*A Y , A r )) 

is an isomorphism. 

Therefore, the obstruction space is contained in the kernel of X' : 
H 2 {C f J — ► i/ 1 (Htp(/ r n ker(<9) n q*A Y , A r )), i.e., 




®i Hom(iP(7r n ker(<9) n q*A Y ), H^Ap)). 

□ 

COROLLARY V.1.5. Let f : X — > Y be a holomorphic map of com- 
pact Kahler manifolds. Let p = dimY — dimX. Then the obstruction 
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space to the infinitesimal deformations of f with fixed Y is contained 
in the kernel of the map 

a : U 2 (x, 0{Q X ) 0(f*G Y j) — > H P+1 (Y, f^T 1 ). 

Proof. Let n = dimX, p = dimY — dimX and H be the space of 
harmonic forms on Y of type (n + l,n — 1). By Dolbeault's theorem 
and Serre's duality we obtain the equalities H" = (H n ~ 1 (Y,Qp' 1 )) v = 
H^iY^y 1 ). 

Let us G Ti such that f*u = 0. By considering the contraction with 
uj we define a morphism of complexes 

(A^(r& Y ),d)^(Ar +n -\d), 

M<t>fx) = <t>fixM e ay^- 1 v <j>f*x g A° x p (re Y ). 

Actually, since du = 0, then <9(0/*(x_icj)) = = ^uu(d(j)f*x)- 

In particular, since f*uj = 0, using the identity of Lemma II.6.1 C , 
we have the following commutative diagram 

A Y(f*e Y )^-A n / +n ~ 1 

!* 

A°/(Qx) -0. 

Then we get a morphism between the second cohomology groups of the 
cones associated with the morphisms /* and a: 

H\C u )^H\C a )^H n {X^\). 

By taking the product of the previous morphism with the integration 
on X, we get 

a : H 2 (x, 0(6*) 0(f*G Y )) — > H P+1 (Y, fi^ 1 ). 

Since q*H is contained in I r D kerd D ker<9 fl q*A Y , we conclude the 
proof applying Theorem V.1.4. 

□ 

Remark V.1.6. We recall that, as already observed in Remark II. 2. 3, 
the Kahler hypothesis is just used to have the <9<9-lemma on A X ,A Y , 
AxxY and Ay- 



7*(xjw) = r/jf*Lu, for each lu 6 A*y* , X € A Y * {0 Y ) and r, e A°£{Q X ) such 
that f*x = f*V- 
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V.2. Deformations of a map with fixed domain 

In this section we study infinitesimal deformations of a holomorphic 
map / : X — > Y, with fixed domain X. 

In this case the DGLA N reduces to KS Y and so diagram (17) 
reduces to 

L 




A°/(f*e Y ). 

where — /* is the product 7r o q*. 

Using this diagram and Theorem IV.2.5, analogously to the case of 
fixed codomain we can prove the following proposition. 

Proposition V.2.1. The tangent space of the infinitesimal defor- 
mation functor of a holomorphic map f : X — > Y , with X fixed, is 
H l (C'f,) and the obstruction space is naturally contained in H 2 {Cj*). 

Proof. Analogous to the proof of Proposition V.l.l. □ 



V.3. Deformations with fixed domain and codomain 

Let / : X — ► Y be a holomorphic map and consider the infinites- 
imal deformations of / with fixed codomain and domain (see Defini- 
tion IV.1.1). 

As we have already observed in Remark IV. 1.3, these deformations 
can be interpreted as infinitesimal deformations of the graph r in XxY, 
with XxY fixed. 

Therefore, in diagram (17), we do not need to consider the DGLA 
N = KSx x KSy and g. Thus, the functor Dei(h,g) reduces to Def^ 
with 

h : L — A°/ xY (-logT) — M = KS XxY . 
This implies that Theorem IV.2.5 reduces to: 

COROLLARY V.3.1. Let f : X — > Y be a holomorphic map. Then 

the functor Def(X — Y) of infinitesimal deformations of f with fixed 
codomain and domain is isomorphic to Def ft : 

Def h = Dei(X ^ Y). 
Proof. Apply Theorem IV.2.5 with N = g = 0. □ 
REMARK V.3.2. This corollary is equivalent to [24, Theorem 5.2]. 
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V.3.1. Semiregularity map. As to the obstructions to deform a 
map / fixing both X and Y, Lemma V.f.3 has the form below. 

LEMMA V.3.3. If the differential graded vector spaces (dAz,d) and 
(cL4 r , d) are acyclic, then the functor Def v is unobstructed. In partic- 
ular, the obstruction space o/Def^ is naturally contained in the kernel 
of the map 

H\C h ) H 2 (C V ) - Horn (V(/ r n ker(0)), H\-^-) 

Proof. See [24, Lemma 8.2]. It follows from Lemma V.1.3, with 
N = J = 0. 

□ 

We note that H 2 (C h ) H 1 (XJ*Q Y ) (see Remark III.l.l). More- 
over, we have an analogue of Theorem V.1.4 and then Corollary V.1.5 
becomes: 

COROLLARY V.3.4. Let f : X — > Y be a holomorphic map of com- 
pact Kahler manifolds. Let p = dimY — dimX . Then the obstruction 
space to the infinitesimal deformations of f , with fixed X and Y , is 
contained in the kernel of the map 

a : H\X, f*S Y ) — ► H P+1 (Y, QfT 1 ). 

Proof. See [24, Corollary 9.2]. It follows from Lemma V.3.3 and 
Corollary V.1.5. 

□ 

V.4. Deformations of the inclusion map 

In this section, we focus our attention on the infinitesimal deforma- 
tions of an inclusion % : X Y of compact complex manifolds. The 
DGLAs L, M, N and the morphisms g, h and tt are as before. 

Consider the DGLA V introduced in Section II. 5.1 (see also [24, 
Section 5]) 

— > L' — ► A°/(e Y ) A°/(N xlY ) — > 0. 

Corollary V.4.1. I! controls the infinitesimal deformations of 
the inclusion i : X ^>Y . 

The proof is postponed to the end of this section after two prelim- 
inary lemmas. 

LEMMA V.4.2. If ' i : X Y is the inclusion, then the morphism 
g — h : L x N — > M is surjective. 

Proof. We want to prove that for each <p G M = A x \ y {Q X xy) 
there exist rt\ G A° X *(Q X ) and n 2 G Ay*{Q Y ) such that g(ni,n 2 ) — <p = 
p*ni + q*n 2 — G L = ker n, that is, 7r(0) = «*ni — i*n 2 G A x *(i*Q Y ) = 
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A°x*(Qy\x)- Then the proof immediately follows from the fact that the 
restriction morphism i* : Ay*(Q Y ) — > A x *(Qy\x) is surjective. □ 

Lemma V.4.3. With the notation above, L x M N = L'. 

Proof. By definition, Lx M N = {(l,n 1: n 2 ) E LxKS x xKS Y \ h(l) = 
p*ni + q*n 2 } and so = nh(l) = i^n x — i*n 2 . 

Define 7 : L x M N — > KS Y as the projection onto KS Y . 

Then 7 is an injective morphism of DGLAs with L' as image. 

Actually suppose that 7(^,711,712) = n 2 = 0; then «*ni = and so 
n>i = n 2 = I = 0. 

As to the image, consider the following exact sequences 

V A Y *(Q Y ) — ^ A°£*(N xlY ) - 

i* Si 

— A° x *(e x ) — Ay*(e Ylx ) a° x *(n xiy ) — 0. 

Let 7(i,7ii,7i 2 ) = n 2 E KS Y ; then f3{i*n 2 ) = /3(i*7ii) = and so 
7r'(n 2 ) = 0. This implies that 7(^,711,712) G L'. □ 

Proof of Corollary V.4.1. By Theorem IV.2.5, the infinites- 
imal deformation functor Def(i) is isomorphic to the functor Def(^ ;S ). 
By Lemma V.4.2 and Proposition III. 2. 34, Def LXMiV = Def( h)S ). Fi- 
nally, Lemma V.4.3 implies that Defi/ = Dei LXMN . Then Def (i) = 
Defjy. □ 

V.4.1. Example. We can generalize the case of one inclusion % : 
X Y considering more subvarieties. 

For example, let X be a manifold of dimension n and Di, . . . , D m 
smooth hypersurfaces, with < m < n — 2. Moreover, assume that 
Di, . . . , D m intersect transversally in a smooth subvariety S. 

Define 

DefA-;Di,..,r> m : Art — ► Set 
as the functor of infinitesimal deformations of the holomorphic map 

o 

/:|JA — 

where f\^ i is the inclusion. Equivalently, for any A E Art, Defx ; Di,...,D m (A) 
provides an infinitesimal deformation of X over Spec (A) and an in- 
finitesimal deformations C of the ZVs. 

Let Q x (—logD) C ©x be the subsheaf of vector fields that are 
tangent to -Dj, for every i, and Njj.\ x be the normal bundle of -Dj in X. 

Define L' := A° x (Q x (—log D)) as in Section II.5.1 and D = U,A C 
X. Then L' is a DGLA and we have the following exact sequence 

— > L' — >■ A° X *(Q X ) A *((BiN Di \ X ) — 0. 
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o 

Denoting for convenience D° = we define M = KSd°xx, 

N = KS D o x KSx and the morphism 

g = (p*, q*) : N = KS D o — > M = KS D o xX , 

where p and q are the projections of D° x X onto D° and X, respec- 
tively. 

Finally, let L be the DGLA defined, as in Section IV.2, by the 
following exact sequence: 

— »L^M^ A° D * (f*Q x ) — ► 0. 

Corollary V.4.4. L' controls the functor Def x;£>i,...,D m - In par- 
ticular, the tangent space of Def x;Di,...,D m ^ s ^(XjQxi—log D)) and 
the obstruction space is naturally contained in H 2 (X, Qx{— log D)). 

Proof. With the notation above, applying Theorem IV.2. 5, there 
exists an isomorphism of functors Defx ; Di,...,D m — Def(/ ljff ). Then pro- 
ceeding as in the case of inclusion it suffices to prove the two steps 
below. 

Step 1. The morphism g — h : L x N — > M such that (g — h)(l, n) = 

g(n) — h(l) is surjective (analogous of Lemma V.4.2). 
Step 2 . V = L x M N (analogous of Lemma V.4.3). 

Actually, Step 1 and Proposition III. 2. 34 imply that 'Deix-D 1 ,...,D m — 
Def( ft|S ) = Def LxM 7v. Finally, Step 2 implies Defx ; D 1 ,...,D m = Def L /. 

Proof of Step 1. We want to prove that for each <p G M = A^* xX (0d°xx) 
there exist n\ G KSd° = A p o (Q D o) and n 2 G A x *(<d x ) such that 
g(ni,n 2 ) — 4> = p*ni + q*n 2 — <fi E L = ker7r, or equivalently tt(4>) = 
f*ni - f*n 2 G A%(f*Q x )- Then we have to prove that (/*,—/*) : 
A x *(&x) x A%(Q D o) — ► A%(f*Q x ) is surjective and this follows 
from the hypothesis on Dj. 

Proof of Step 2. By definition, Lx M N = {(l,n 1 ,n 2 ) G Lx KS D o x 
KS X | h(l) = p*ni + q*n 2 } and so = nh(l) = f*ni - f*n 2 . 

Define 7 : L Xm N — ► KSx as the projection onto KSx- 

Then 7 is an injective morphism of DGLAs and its image is V = 
A°/(Qx(-logD)). 

Actually, suppose that 7(^,711,712) = n 2 = 0; then /*ni = and so 
ni = n 2 — I — 0. 

As to the image, consider the following exact sequences 

V A x * (e x ) — ^ Ad^Nd^x) 

/* = 
A%(Q D o) — A%(f*e x ) — A D ((BiN Di \ X ) 0. 
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Let 7(1,711,712) — 712 G KSx, then f3(f*n 2 ) = fl(f*n\) = and so 
7r'(n 2 ) = 0. This implies that 7(/,ni,n 2 ) G L'. 

□ 

V.4.2. Semiregularity map for the inclusion. Let i : X ^ Y 

be the inclusion of a submanifold X in Y and L' the DGLA (defined 
in Section II. 5.1): 

— > L' — ► A?(e Y ) ^*(iVx,y) — 0. 

In Corollary V.4.1, we proved that L' controls the infinitesimal defor- 
mations of the inclusion i. In particular, this implies that the obstruc- 
tions are naturally contained in H 2 (L'). 

Moreover, as in Section V.l.l, we can consider the following mor- 
phism of DGLAs 

i : V -~ K> = {/ e Htp £-) I /(/, n ker(9)) c jj^ 

Then we get the following corollary, whose proof is essentially con- 
tained in Manetti [24, Corollary 9.2]. 

Corollary V.4.5. Let % : X — > Y be the inclusion of a submani- 
fold X in a compact Kahler manifold Y . Let p = dimY — dimX . Then 
the obstruction space to the infinitesimal deformations of i is contained 
in the kernel of the map 

a:H 2 (L') — > H P ~ W (Y, I x ), 

where I x = ker i* C Ay* is the subcomplex of differential forms van- 
ishing on X . 

PROOF. It follows from Corollary V.3.4, by recalling that V C {a G 

A°/(&y)\i a (I X )Cl X }. 

□ 
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